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Preface 


They say that a topologist is a mathematician who cannot tell the difference between 
a doughnut and a cup of coffee. A topologist is concerned with studying shapes that 
can be twisted and deformed. They are mathematicians but they do not appear to 
be — there are no formulae, no equations, no functions... no letters or even numbers! 
It is a very abstract area of mathematics, but it deals with very specific objects, which 
makes it difficult for us to imagine how the topological world is mathematised. 

Not far from topology is geometry, which studies shapes in space — triangles, 
polygons, straight lines and planes... but also curved figures, such as surfaces and 
solid bodies. Geometry is the study of the measurements of objects, that is, of their 
shape — something which became even more palpable in the 19th century with the 
appearance of non-Euclidean geometry to show that even space has its own shape. 

Both geometry and topology are concerned with shape. Geometry, using metric 
properties (distances, angles, etc.), focuses on how space appears locally. Curvature, 
which quantifies how a space ‘balloons’, is given special importance. Topology, 
however, allows the moulding of an object as if it were elastic, and is concerned 
with the global shape of space. How it knots, how many holes it has... Both are 
intimately related; the local shape largely determines the global shape. 

When the publisher proposed the idea of writing a book about topology and 
geometry to me, I could not resist the temptation of touching on a real problem 
to which both geometry and topology have something to contribute. One of the 
problems that perhaps has most intrigued people is that of the shape of our own 
space, Curiously, geometry has been the indispensable tool for understanding the 
space in which we live — the Universe. And, therefore, topology is going to help 
with the mission to find its true shape. It is surprising that experts in cosmology 
did not realise until recently that the answer to this very question requires topology. 

In the pages that follow we will take a short trip through the world of geometry 
and topology. We will see that the question of the shape of our space does not 
have an obvious answer; we will approach the subject with some care. In fact, the 
question is almost as important as the answer. Throughout several chapters we will 
visit a two-dimensional world that will show us a simplified version of the meaning 
of topology and geometry. We will see how non-Euclidean geometries impact our 
subject, and how the topology and the geometry of a space interact and complement 
one another in the Gauss—Bonnet theorem. We will follow the adventures of a few 
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two-dimensional friends also committed to discovering the shape of their Universe. 
And we will learn the difference between intrinsic and extrinsic geometry, and the 
importance of always looking at spaces from within. 

Later we will return to three-dimensional spaces in order to analyse their 
topological and geometrical concepts. We will finish off by reviewing what we 
have found out about the cosmos in the last century, and how all of it has helped to 
understand the geometry of our space, The latest advances have led to the discovery 
of dark matter and dark energy, which we are aware of only indirectly. This is where 
our journey will end, leaving the question, like life itself, unresolved. 

I would like to conclude by thanking Javier Fresin for his numerous corrections 
and suggestions, which have enormously improved the text and also Miguel Mufioz 
for some of the drawings that appear in the book. 


Chapter 1 


Introduction 


Appearances are a glimpse of the unseen, 
Anaxagoras 


Since prehistoric times humans have looked to the stars and wondered where they 
lived. They have sought explanations for their existence, and they have found a mul- 
titude of answers (almost as many as they have ended up rejecting), each time accept- 
ing the one that seemed the most reasonable of those available to them at the time. 

Our species is the product of evolution, which has established our behaviour 
as well as our anatomy. Many species develop particular skills. Our peculiarity is a 
hyper-developed brain that specialises in the construction of imagined situations. 
Thus, we look around us and, before deciding whether to act in one way or another, 
we imagine how things may play out. Ants, of which there are billions more than us, 
try out the different options; many of them take the wrong route and die, but their 
colleagues then choose a better option. We ‘try’ in our mind, and that spares us the 
lives of many individuals lost in pointless attempts. 

However, the brain, which has made our species so successful in its fight to survive 
and perpetuate, also brings us problems. Our mind never stops working, not even 
when it does not help us survive. We never stop wondering about the situations 
we are faced with, always driven by an inner energy that leads us to act, to learn, to 
fight to improve, to want more... and to feel the frustration of never being content 
with the point at which we have arrived, as arduous as the journey to arrive at that 
point may have been. 

Ever since humans first wandered the savannas in search of food, we have looked 
around for questions and answers about what we see. But people could not just give 
up whenever they did not have the information necessary for resolving a problem 
satisfactorily. Our mechanism for stepping out of this vicious circle is as simple as 
it is ingenious: we take the most plausible answer from those available to us and 


assume it to be true. It is not difficult to imagine how, in this cultural melting pot, 


INTRODUCTION 


myths and legends arose. (For example, a loved one dies; we do not understand what 
has happened, but when we think of them we can hear their voice in our head; 
therefore, their voice still lives on.) Even the birth of religions can be explained as 
a by-product of such a super-productive brain. 

Looking to the heavens and wondering what all those little points of light 
are doing in the dark and peaceful night sky is perhaps one of the questions that 
concerned our caveman ancestors. They must have been doing something important 
up there because they appeared every night, when the Sun ended its daily presence. 
It would surely not have taken them long to realise that, day after day, those points 
appeared in the same places. This must have had such a deep meaning that it could 
not have been insignificant. With the lack of equations and theories on galaxies and 
constellations, palaeolithic man must have concluded that a God, a being much more 
powerful that any of the animals that walked the Earth, must have put them there, 
You can easily imagine the rest of the story. 

What shape is the Universe? For our prehistoric friends this question must have 
had a simple solution. We can look in three directions: forwards and backwards, right 
to left and up and down (we will call them length, width and height). Therefore, 
space is spread out in three directions. Euclidean space had been described. Problem 
solved. Why make things difficult for ourselves? 


The three dimensions of Euclidean space. 
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The shape of the Earth 


We love making things difficult. It is true that we look for answers to our questions, 
and we also conclude our search with the most suitable answer. But we are aware 
that the answer is provisional. Or maybe we are not, but we operate in this eternal 
state of provisionality. We tend to look for new information on any problem, even 
those to which we already have an answer. If the information corroborates what we 
know, if it fits with our deductions, then we reaffirm them. If they do not, then we 
feel forced to change our opinion. We can either (slightly or drastically) change the 
answer we came to, or we can set about explaining the new information in such 
a way that it fits with what we knew. We human beings are very ingenious at this 
activity; after all it is our speciality. 


SCIENTIFIC METHOD 

The scientific method is the method of investigation used in the production of the knowledge 
of the sciences. In fact, it is based on the temporary nature of the answers to the problems 
of the natural world. Scientific method has two fundamental pillars = the reproducibility of 


experiments and the falsifiability of hypotheses. It works as follows: whenever we want to 
explain a natural phenomena, we propose a hypothesis. (Such hypotheses come from our 
inventiveness; they are our plausible attempt at explaining the phenomena.) The hypothesis 
produces, through logical arguments, consequences that can be tested in the physical world by 
means of observations and experiments. All hypotheses must be open to being proved wrong, 
and to the fact that experiments may be designed that will lead to the consequences of the 
denial of the hypothesis. 

If all the experiments we design have results that agree with the predictions, we take the 
hypothesis to be true and we elevate it to the level of a theory. However, all truths are 
susceptible to being refuted, corrected or improved by another new theory at some future 
time in which an experiment is designed that does not agree with it. For example, Newton's 
theory of gravity fitted perfectly with the movement of the planets with astounding precision 
(for the 18th century), but it was realised in the 19th century that it could not explain the 
precession of the perihelion of Mercury's orbit. Einstein’s general theory of relativity explained 
this phenomena, in the early 20th century. 
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When looking at the sky, the most obvious truth is that we cannot go down, 
simply because the ground is there. The land we walk on has two directions, length 
and width, It is like a great furrowed plane with small imperfections — valleys and 
mountains, rivers and lakes — which seem to be there as decoration. Our vision only 
allows us to make out a small part of it, but we ‘know’ there is more land further on. 
This is an intriguing deduction of the type that we mentioned a few moments ago: 
Whenever we think about what might be beyond our sight, and we travel there, we 
end up discovering that there is nothing other than another section of land, with 
its little decorations, but essentially the same as the one we came from. From here 
it is only a small step of induction that leads us to the conclusion that the Earth is 
an unlimited plane on which we walk. 

However, its immensity overwhelms us. The concept of infinity seems more 
like a diabolical monstrosity than something that we perceive to exist. Perhaps this 
is because we cannot grasp infinity, or perhaps because being something finite in 
an infinite world is akin to being nothing at all. However, it is likely that humans, 
in the midst of their natural habitat, did not like to think that this was an infinite 
world, a world without limits, no matter where they headed. (We will discover 
throughout this book that there is a subtle but fundamental difference between 
infinite and unlimited, a difference that prehistoric man would have been incapable 
of appreciating.) Reaching the edge of the world would be dangerous, as we could 
fall off. Fortunately, known land always ended at the coast, from where a vast ocean 
spread forth. And who knows if we will find the edge by travelling towards the 
limits of the ocean? 


In their most ancient myths, Chinese and Indian cosmogony maintained 
that the Earth was a plate held up by four elephants, which were in turn 
standing on a giant marine turtle. 
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RUSSELL AND THE TURTLES 


The story goes that Bertrand Russell (1872-1970), the British philosopher and mathematician, 
‘once gave a conference on astronomy in which he described how the Earth moved around the 
Sun, which in turn moved around the stars in our galaxy, At the end of the talk, an old lady 
stood up at the back of the room and said: “Everything you have told us is nonsense. The world 
is actually a flat plate supported on the shell of a giant turtle.” The comments did not unnerve 
Russell. He smiled smugly and said: “And what is supporting the turtle?” "You think you are 
very sharp young man," replied the old lady, “but there are infinite turtles.” 


World map by Genoese cartographer Pietro Vesconte, 1320. 
It includes Europe, Asia and Africa (the continents Known at the time). 
The map has the east at the top and the west at the bottom. 


After seeing our surroundings, saying that “the Earth is flat” is an obvious 
deduction. But, it still brings a smile to our faces to think that someone actually 
believed it once. Who was the first person to say that the Earth was not flat? How 
did this occur to them? What did they base this daring statement on? 
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It is said that one of the observations that led us to believe that the surface of 
the Earth is curved was the fact that, as a boat moves further out to sea you can no 
longer see its hull. Just the mast is visible when it has only moved a few kilometres 


from the coast. 


The top diagram shows a flat Earth. An observer on the coast (A) could see that the boat (B) move 
away without losing sight of its hull. However, in the bottom diagram, which shows a curved Earth, 
the hull of the boat moves out of view as it moves away from the observer, and this gives the 
impression that it is sinking into the sea. 


The idea of a spherical Earth was already widespread in Classical Greece. In 
fact, Eratosthenes had made quite an accurate calculation of the circumference of 
the Earth. Later, Christopher Columbus, using an estimation of the circumference 
of the Earth of 25,255 kilometres, (significantly lower than that of Eratosthenes, 
seemingly due to the fact that he used the Roman mile, which is shorter than the 
Arabian mile), proposed a possible voyage to reach India by travelling west. Such a 
journey would open a new route, which would save the boats the long and dangerous 
journey that was at the time made by going around Africa. Perhaps with Eratosthenes’ 
measurements the journey would never have been made, at least at that time and 
in that direction. This is quite possibly the error that has had the greatest influence 
on the history of humanity. 

The discovery of land to the west is another sign of how human impetus always 
leads us to overcome new challenges. But it was an Italian explorer and cartographer 
called Amerigo Vespucci who was the first to realise that the land to the west was 
not India. (Many believe that history granted him the honour of baptising the new 
continent America, quite a distinction for someone who draws maps! However it 
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ERATOSTHENES’ TRIGONOMETRIC METHOD 


Eratosthenes (c. 276 sc-c. 194 sc), the Greek mathematician, geographer and director of 
the Library of Alexandria for 45 years, calculated the circumference of the Earth using an 
ingenious trigonometrical method that he invented himself. From references obtained in a 
Papyrus held in his library, Eratosthenes knew that in Syene, (now Aswan, Egypt), objects did 
not cast a shadow on the day of the summer solstice, and the bottoms of wells were lit up by 
the sunlight. This indicated that the city was located exactly on the line of the Tropic of Cancer. 
Eratosthenes started from the premise that the Sun was so far from the Earth that its rays could 
be considered parallel, and then he measured the shadow in Alexandria on the very day of 
the summer solstice, demonstrating that the city’s zenith was 1/50 of the circumference away, 
that is, 7° 12’ from that of Alexandria. He then took the estimated distance between the two 
cities, giving it a value of 5,000 stadia, from which he deduced that the circumference of the 
Earth was 252,000 stadia. 

The length of the terrestrial circumference is 40,008 km. If Eratosthenes was using the stadion 
of 185 m, his estimation was 33,392 kilometres; in other words, he made a 17% error. However, 
it is very likely that he was using the Egyptian stadion, in which case the error was just 1%. 


Solar rays 


7°12" 
Alexandria 


5,000 stadia 


The diagram shows the method used by Eratosthenes for measuring the 
perimeter of the Earth, with the location of Alexandria and Syene and the 
angle of incidence of solar rays during the summer solstice. 


Image of the Earth taken on 
the Apollo 17 mission. 
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is also possible that honour actually belongs to 
Richard Amerike, the British owner of the first 
ship to reach North America (Newfoundland 
to be precise) in 1497. 

At the time we could still have maintained 
the idea that the Earth was flat, and that 
its frontier was beyond the Americas. The 
irrefutable evidence of the roundness of the 
Earth was given to us by the first expedition to 
complete a trip round the world, between 1519 
and 1522, captained by Fernando de Magellan 
(although Magellan died on the way and it was 


Juan Sebastian Elcano who commanded the 


returning ship). Of course, at this point, we should not have been so trusting as to 


believe that the Earth was spherical just based on one journey. It could have been 


cylindrical! But as we said before, we always accept the most plausible answer as the 


correct one, and now the most plausible answer is the sphere. Fortunately, this time 


we were right (although, strictly speaking, the Earth is not exactly spherical because 


it is fattened at the poles).We have our final confirmation in the photographs taken 


by the artificial satellites and space modules sent from Earth ftom the 1960s onwards, 


which show the planet in all its glory. 


theflatearthsociety.org/cms/ 


THE FLAT EARTH SOCIETY 


In 1956, Samuel Shenton, a scientist and songwriter, established the International Flat Earth 
Society with the intention of bringing together those who were still convinced that the Earth 
was flat, to provide scientific arguments that supported this theory and to run a widespread 
advertising campaign to prevent children being taught in school about the idea of the Earth 
being round. The space race led to the depletion of the society, although it still lives on today: 


Geometry and topology 


For a mathematician, the question of the shape of the Earth should be approached 


by following rigorous reasoning. In theory there are many possibilities for the shape 
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of a surface. But we should ponder all those possibilities and later select — with the 
tools available to us, including a voyage on a ship — which of them is correct. In 
other words, we should apply the scientific method. 

We should not forget the fact that the spherical shape is a perception that is available 
to us as human beings. An apple or a boulder are also spherical. It is possible for us 
to imagine the Earth as a giant spherical stone that we live on. There are just two 
problems with this. What is holding this immense stone in the sky? And why do the 
people who live on the ‘bottom’ part not fall off? These questions are the reasons why 
the idea of the spherical Earth took a long time to be accepted. In any case, we can 
settle the issue by putting the Earth in the centre of the Universe (Why would God 
not put us in the centre, if we are his greatest creation?) and arguing that everything 
must ‘fall’ towards it. 

It would have been more difficult to conclude that the Earth is spherical if we 
had not been able to take that apple in our hands. In fact, we are going to do the 
analysis in reverse. There are possible shapes of surfaces, such as the Klein bottle, which 
we cannot hold in our hands because it is not possible to construct them in three- 


dimensional space. 


A klein bottle is one in which the neck is connected to its inside through its own base. 
However, it does so without going through its walls, something that is impossible to 
conceive in our three-dimensional space. 


If the Earth had been shaped like a Klein bottle we would have found this quite 
difficult to discover, because the first step — having a visual image of the surface as a 
possibility for Earth — would have been absent from the beginning. Yes, it is possible 
to imagine surfaces that are not in three-dimensional space, but we have to resort 
to other elements in order to understand those shapes. Perhaps we should pause 
here and look at the question from a more philosophical point of view: what does 
describing (perceiving, understanding) the shape of an object consist of? “Of what 
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we see,” is only a possible answer, maybe the one that gives us the most security, as 
we are animals with acute visual perception. But in reality what we are looking for 
are its properties (which ones, how many?) in order to know how to answer any 
question we could ask ourselves about the object, to be able to recognise it among 
others of the same type, to be able to detect it, to know how to construct it (with 
which tools, using which pieces and by which method?). 

Topology is the branch of mathematics that studies the ‘global shape’ of objects, 
that is to say, what an object is like when it is viewed in its totality. For example, a 
sphere is not the same as a doughnut. 


SSS 


A sphere and a doughnut have different global shapes. 


However, for a topologist, two objects have the same global shape if we can deform 
one into the other by a process of stretching but without breaking or sticking it. In 
order to understand this, let’s imagine that the figures are made of a flexible elastic that 
we can mould (but without cutting or tearing, or sewing or sticking). To a topologist, 
a doughnut and a mug are equivalent objects — they have the same global shape. 


A doughnut can be transformed into a mug; their surfaces are topologically equivalent. 
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Geometry studies metric properties, such as distances and angles, mainly when 
we want to study the ‘inside’ of the object. Therefore, geometry is more interested 
in the ‘local shape’ of objects. By local we understand that which can be studied in 
a closed environment, in other words, that which is near a specific point of space. 
For a geometrician, a plane and a sphere are not equivalent, as the latter is curved, 
while the former is not. This will have consequences, for example, on the shape of 
the figures that we draw in both spaces. 


ese Ses 


A triangle represented within two different surfaces: a plane and a sphere. 


The shape of the Universe 


After all the vicissitudes that we have gone through to find out what shape our 
planet is, we no longer face the immensity of the Universe with such an unwary 
attitude. “What shape is the Universe?” has become a substantive problem and 
one that is not at all easy to solve. We used to see a starry space that spread out 
in three directions, and we placed our Earth in the centre of it. By the way, there 
is also a part of history (which is much more interesting than the one about 
the roundness of the Earth) which gradually relegated the planet from its posi- 
tion in the centre of the Universe until placing it in orbit around the Sun, and 
which later removed the Sun from the centre of the Universe. This relegated it 
to a small star on the edge of a medium-sized galaxy, submerged in a Universe 
that does not seem to have a centre. Will we, the human beings immersed in 
this place, be able to discern what shape it is by looking around us (and making 


intelligent deductions)? 
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Our solar system 


Mlustration of the Milky Way in which our Solar System is located. 


It is estimated that the size of the Universe is more than 90 billion light-yeai 
across, Travelling across all of it seems completely out of the question. At the speed of 
light we would need at least 90 billion years. As Einstein’s theory of relativity states 
that the speed of light is the maximum speed that a particle can reach, any spatial 
probe, no matter how advanced, would take at least that length of time. And, of course, 
we do not want to have to wait that long to find the answer! Instead of using probes 
we can use particles as space travellers. In fact, the best solution is to use light itself, as 
we will see in Chapter 6. The estimated age of the Universe is about 13.7 billion years, 
so in such a ‘young’ Universe even the light has not had the chance to see it all. We 
will gather the light (and other radiation that we receive from the cosmos) and with 
it we will be able to try to answer our question. But the rest of the deduction will 
have to be based on mathematical arguments. This is where geometry and topology 
come in: they will give us clues about how to make the most of the data received by 
our telescopes. Really, this is not too different from what Eratosthenes did, He looked 
at the light he received from the Sun to verify that the Earth was round. 

At first, unless you already have an idea of geometry or have read about this 
subject before, you will probably not imagine what the possible shapes of the Universe 
that mathematicians refer to are. The first answer that we imagine is that it spreads 
infinitely and without limits in three directions, length, width and height. Such space 
is called three-dimensional space or Cartesian three-dimensional space, in honour of René 
Descartes, the French philosopher and mathematician from the early 17th century, 


who invented coordinate axes. 
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— 


COORDINATES 


In mathematics we can consider spaces in any dimension. n-dimensional Cartesian space is 
denoted IR”. The straight line is 1-dimensional space IR (IR is the symbol for ‘real numbers’). Its 
points correspond to a coordinate, that is, with a real number x. If the number is positive, it is 
located to the right of the zero, and if it is negative, to its left. 


3 -2 | 0 1 2 3 
tt tt tt tH 


The Cartesian plane is IR?, and its points are given by two coordinates (x, y). The first indicates 
the horizontal position, and the second, the vertical position. For example, the point (4.5,—1) 
is situated 4.5 units to the right and 1 downwards. Each point is given by its coordinates, 
Therefore, we identify the plane with R?. 


y 


The Cartesian space R? is similarly defined. We draw axes x, y, z with an arrow indicating the 
positive side of the axis, We locate any point in three-dimensional Cartesian space by giving 
its three coordinates. 
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From our point in space, looking around us we get the impression that the 
three coordinate axes are infinite extensions. Therefore, we could postulate that the 
Universe is a Cartesian space. However, this is the equivalent to assuming that the 
Earth is flat just because we can draw two lines on the ground. And we have already 
found out that in that case at least we were mistaken! 

The Universe could be analogous to a sphere, but in dimension 3 (what we 
might call a hypersphere, although mathematicians call it 3-sphere). It is not easy to 
imagine, perhaps because there is no such thing as a hyperapple available to give us 
an idea of what to imagine. It would be a Universe that ‘curved’ in such a way that 
we could go around it.A hypothetical journey in a straight line would pass through 
an antipodal point (could there be something special about hyperantipodals?) and 
would later return, describing a large circle. It was German mathematician Bernhard 
Riemann who was the first to propose this hypothesis in around 1854. 


SPACES GIVEN BY EQUATIONS 


When possible, mathematicians resort to equations to describe objects. The 3-sphere is given 
by an equation in 4-dimensional space. The space has four axes (perpendicular to one another) 
which we will call x, y, z, t. The 3-sphere lives in IR*, just as the 2-sphere (which is our everyday 
sphere) lives in IR. The points of the 3-sphere are those that are at a fixed distance from the 
origin of the coordinates. Supposing that the radius of the 3-sphere is r = 1 (we can always 
choose the units of measurement to suit this), the points of the 3-sphere have the coordinates 
(x, % 2, t) which fit the equation 


x+y? tz? 4te=1. 


In general, we call the sphere from dimension n n-sphere and we represent it with 5”, It is the 
points of R”*! at a distance of 1 from the origin. The 2-sphere S? is the normal sphere, and 
the 1-sphere S' is the circle with a radius of 1. What is 5°? 


What happens is that we can only see a small environment in our surroundings, 
Maybe it gives us the impression that we see (with our telescopes) far-off galaxies, 
but in reality the amount of space to which we have access is very small compared 
to the size of the global cosmos. Therefore, the most we can state about our Universe 
is that “locally it is the equivalent of Cartesian three-dimensional space.” 
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We are going to take a (small) leap of faith to believe in the ability to place 
coordinates locally at any point in the Universe. There are various physical postulates 
that corroborate this idea. The first is that the equations of physics must not depend 
on our location or on the position in which we place ourselves. The second is given 
by a principle of relativity (expressed in its most developed form as Albert Einstein’s 
theory of relativity), which states that there is no privileged place or system of 
coordinates. 

One variety is a space that ‘locally’ appears to be Cartesian space. Therefore, 
coordinates can be placed at any point, and none of them are privileged with respect 
to the rest. The word variety makes reference to the fact that the space has ‘various’ 
directions. 


A dimension 2 variety is a surface. In the environment of a point, we can use coordinates (x, y). 


Expressed in these terms, the problem can be studied with mathematical tools, 
What dimension 3 spaces are there? How can we find them and build them? And 
which of them is our Universe? 

We now enter into a very complex field of mathematics, as this is still an 
unresolved problem on which many specialists have worked (and continue to work) 
and have obtained partial results of great interest. Some hypotheses on the Universe 
can simplify the problem: 


— It is natural to expect that space does not have edges, that there is no place 
where it ends. Therefore, space would be unlimited. 
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— Asomewhat more questionable, but reasonable, hypothesis consists in assuming 
that the Universe is not infinite. It could be, therefore, a finite but unlimited 
space (such as the Earth). From a philosophical point of view, we can defend 
our position by arguing the paradoxes about infinity, in the case in which 
the Universe has an infinite amount of material. However, the arguments are 
weak. We have to take this into account, as subsequent evidence may lead us to 
revise a hypothesis of this type. Further on we will see how the characteristics 
of ‘unlimited’ and ‘finite’ can be made compatible. 

— It is normally assumed that the material in the Universe is equally distributed 
(in approximate terms). The distribution of galaxies seems more or less 
uniform. This has implications on the geometry of space, as it makes space 
homogeneous, that is, that it has the same geometry in all parts (approximately 
at least). This hypothesis is based on the exploration of the part of the Universe 
that is visible to us (the nearby Universe), and is compatible with other 
theories, such as that of the Big Bang. 


The problem of finding the 3-varieties that fulfil these three properties is simpler 
than finding all the 3-varieties. However, it is a problem that has not been completely 
resolved, although there is sufficient information to be able to complement 
mathematical development with cosmological experiments (consisting of gathering 
cosmic radiation), which leads to progress in our investigation. Whether this will 
provide results — and when — remains to be discovered. 

From this point onward we are going to delve into the world of mathematics, 
topology and geometry. We will show the difficulties of understanding the global shape 
of spaces, and how local shape and global shape (the geometry and topology) of a space 
are intimately related. We are going to navigate the mathematical ideas that have been 
developed over the last 150 years for studying variations, in order to re-approach the 
original problem with renewed strength, 

We will focus on surfaces in order to gradually discover the topology and 
geometry of the varieties. There we will be accompanied by a few friendly characters 
— the Flatlanders. It is a story of resilience that gives us a better knowledge of reality, 


while always maintaining a critical spirit. 
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A Two-dimensional World 


When we want to study problems in the natural world using mathematical tools, we 
have to translate the world that surrounds us into terms that can be defined math- 
ematically. This process is called modelling the problem. Geometry and topology study 
problems related to the shape of spaces and figures. Given that we want to find out 
the shape of our Universe, the objective is to understand what dimension 3 spaces 
are like. But as this is a very difficult problem, we are going to start with another, 


simpler one: understanding dimension 2 spaces — otherwise known as surfaces. 


ars] 
TOY MODELS 


In mathematics, when we are dealing with a problem of great difficulty and reach a dead 
end, there tend to be two options. The first consists in simplifying the problem, and looking 
for another similar one with fewer ingredients that can be solved. It is normally called a baby 
model or toy model. The idea of it is to try and find clues for a new approach to the original 
problem. If the problem involves varieties in a particular dimension, one option is to study the 
problem with fewer dimensions. 

The second option is to ‘forge ahead’ — put the problem in a general framework, that is, 
propose a problem of which ours is just one particular case. By doing so, occasionally a 
complete theory can be constructed, a consequence of which is the solution to our problem. 
For example, algebraic topology, a branch of the subject, comes from the generalisation of the 
study of holes in varieties. 


Flatland is a two-dimensional world. A number of beings, who are also two- 
dimensional, live there and can move forwards and backwards and left and right. They 
have no notion of up and down. In fact, in Flatland the concept of up and down does 


not exist, and there is no way of explaining it to its citizens. 
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FLATLAND 


The idea of Flatland appears in an amusing 
novel published in 1884 by Edwin Abbott 
(1838-1926), under the title of Flatland. A 
Romance of Many Dimensions). The book tells 
of the adventures of sorne two-dimensional 
beings who live in a flat world. It is a popular 
novel among mathematics students, although 
its underlying message is the author's scathing 
criticism of British Victorian society, The beings 
in Flatland are triangles, squares, pentagons, 
etc. The more sides they have, the more social 


privileges and power they enjoy. Circles, with Aad fort ee pi en 
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their infinite sides, are the high priests. Women es ee See ld Spe wt 

are mere lines, and they are granted the - 

minimum social consideration. Cover of the first edition of Edwin 
The main character is A Square, who is aware Abbott's book. 


of the third dimension. When he tries to 

communicate his knowledge to his own kind, he is considered a heretic and locked in jail for 
eternity, The novel was taken to the big screen in 2007 in the form of an animated short titled 
Flatland: The Movie. 


In Flatland there is a bustling city, Flatdon, which is home to 200,000 citizens, the 
Flatlanders. Our first protagonist is called Squarina, a beautiful young girl whose name 


honours her four, almost perfectly equal sides and her delicate 90° angles. Squarina 
could well have entered beauty contests, but her passion for science and exploring led 
her down other paths. The Flatlanders are completely flat beings, they see and know 
two dimensions and the move around within them. They are all polygon-shaped 
(triangles, squares, pentagons, etc.) or circular. They have no thickness whatsoever. 
Flatland is not slim, like a fine sheet of paper, with the Flatlanders living on top of 
it; their world has “no” thickness, and they simply live “within” it. 

Before recounting the adventures of our new friends, we should get an idea of 
how they perceive their world. When a Flatlander looks around him, his field of 


vision is a line (just as ours is a plane, and our perception of depth is elaborated by 
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our mind). A Flatlander always sees another as a straight line. He perceives depth 
thanks to the strength of the lines he sees, from which he can tell where the vertices 
are and from there he can deduce the polygonal shape of any Flatlander. When 
necessary, they move in order to be able to observe from different points and have 
a better perception. 


Vision of a Flatlander. 


Flatlanders are very intelligent beings and have a great passion for science. They 
like to understand the world around them and the reasons behind things. One day, 
while having a few drinks in a small pub in Flatdon, Squarina was talking with her 
friend Pentag, a professional mathematician, about Flatland: 


— Squarina: I would like to go on a great journey and visit places where nobody 
has been before, discover new places and new people. Do you think if I go 
beyond the last mountains in the Northern Range, where no Flatlander has 
ever gone, I will find other beings like us? 

— Pentag: Adventurous girl! When you have made your journey, come back and 
write your memoirs. You'll go down in history! 

— Squarina: It is an idea I’ve thought a lot about. It is a journey that I am 
seriously thinking about making. But I will continue without coming back, 
exploring places and more places, always looking for new spots. 

— Pentag: Everyone thinks that Flatland is an infinite plane. But I have thought 
a lot about it, and I am not convinced. I cannot conceive that Flatland is 
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infinite; it is like saying we are nothing. I think Flatland is finite, that you can 
visit all of it. Also, I would love to see you again and for you to tell me about 
your achievements! 

— Squarina: But how can it be finite? Then I will end up reaching the end. I 
hope I don't fall off. What is beyond the end? 

— Pentag: I don’t mean it has an end. I don’t think it has edges. In fact, I would 
say that it is finite but unlimited. 

— Squarina: What?! How can it be both? 

— Pentag: 1 am not sure, but I have reason to believe it. 1 think that if you go in 
a straight line for a long time, you will end up where you started. It is as if, 
as you move away, you end up reaching a point on the other side of Flatland. 
I call it the antipode because it is anti-here — or something like that. Then if 
you continue in a straight line without changing direction, you will actually 
end up coming back to Flatdon again, but from the opposite direction, until 
you get back to where you started. 

— Squarina: So, if 1 go north without changing direction at any time, | will end 
up coming back from the south? 

— Pentag: Exactly! 

— Squarina; Nobody would believe such a theory. What are you basing this 
strange belief on? 

— Pentag: Well, the idea comes from my studies of geometry. | haven’t told many 
people, as they might think I’m crazy. What I have done is think about how a 
1-dimensional being would feel in our world and how it would see our world. 

— Squarina: A 1-dimensional being? What do you mean? Is there such a thing? 

— Pentag: Of course not! The world has two dimensions, that is unquestionable. 
But I can imagine what a Universe with one dimension would be like, if it 
did exist. Let me tell you. I call it Lineland. In this world there is only one 
direction — backwards and forwards. There is no direction to the sides. In fact, 
the beings who live in Lineland can only move backwards and forwards. These 
beings are points or line segments. If a segment s is in front of a segment tf, 
there is no way s can get to the other side of f. Let me draw you a diagram: 
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“In fact, it is a world with few possibilities, but it helps me show what I 
need to explain. In Lineland all the citizens think the world is a straight 
line, infinite and unlimited. They believe this because they always move in 
one direction and can continue to do so forever. There is no limit, no edge. 
Therefore, they deduce that it is an indefinite extension forwards and 
backwards. 

“Squarina, look at this drawing: 


“See, Lineland could be a circle, 1 mean, a 1-dimensional world with 
no limits, but which is still finite! When you continue in one direction you 
end up where you started. In fact, if you start at A, you eventually reach the 
antipode, B, and from that point, continuing in the same direction means 
returning to the start point. 

— Squarina: Wow! Now I understand. I'll set off on my journey as soon as 
possible. It will be amazing to find out if Flatland is as you say it is! 


Squarina set off on her expedition the following summer, well-equipped with 
provisions and tools to be able to face any eventuality — extreme temperatures, lack 
of food, etc. She decided to head north, keeping her route as straight as possible. 
In Flatdon, her friends saw her off amid tears and hugs, many thinking she would 


never be back. 
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Three years later Squarina got back to Flatdon. She came walking from the 
south, just as Pentag had predicted. The next day the papers were full of grandiose 
headlines, telling of Squarina’s great expedition, the places she had discovered and 
all the obstacles she had overcome. But the biggest commotion was in the scientific 
world. Pentag began to publicly champion his theory at the Flatdon University, 
giving several lectures. However, there was a large group of non-believers. They 
thought that Squarina must have deviated to the east a little, and that she had followed 
an imperceptibly circular route. Needless to say, comments like this greatly angered 
our explorer. 


ae 


Squarina’s supposed route. 


Pentag presented his spherical Flatland theory to the general public as follows. He 
drew Flatland as a disk and put a point like this, *, which he called the antipode. If 
you go in any set direction you will end up reaching the edge of the disk. At that 
point, you are actually passing through the antipode and returning in the opposite 
direction. The intriguing thing is that the traveller did not notice anything! Not 
even Squarina could identify which of the places she visited was the antipode. Of 
course, it was not an unusual place, at least it could not be told apart from the rest 
of the terrain. 


30 


| A TWO-DIMENSIONAL WORLD 


Pentag drew the sphere like a disk (top left), where the route from C to the 
antipode is a straight line. We can see the route on the ‘normal’ sphere (top right), 
and how the two correspond (bottom). 


ASTRIA, A TWO-DIMENSIONAL PLANET 


In Charles H. Hinton’s novel, An Episode of Flatland 
(1907), the author describes two-dimensional be- 
ings who live on Astria, a disk-shaped planet the 
gravity of which keeps them on the ground. The 
movement of the Astrians is almost as restricted 


as the beings in Lineland, as they cannot ex- 
change positions when they meet. However, they 
are aware of ‘up’ and ‘down’. Therefore, for an 
Astrian it is easier to conceive the idea that their 
world is circle-shaped than it is for an inhabitant 
of Lineland. 
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If Flatland were spherical, then it would have no edge, that is, wherever we were, 
we could always continue in any direction. Therefore, it is an unlimited surface. 
However, the total area is finite. The quantity of valleys and mountains, rivers and 
lakes there may be on a spherical Flatland is finite. Being finite and unlimited are not, 
by any means, contradictory concepts. 

In Flatdon, the authorities decided that they would make a second exploratory 
journey to confirm or refute Pentag’s theory. This time they would head east, and 
there would be various people from Flatdon in the group, both champions and critics 
of the infinite Universe theory, and they would be led by Squarina. The second 
trip only took two years, after which they returned to the starting point from the 
west. After the obligatory celebrations, they went on to analyse the relevance of the 
assorted theories. Equilaterus, a politician by trade and champion of traditions and the 
infinite Flatland theory, who had joined the expedition, took part in the conversation. 


— Squarina: It looks like the spherical Flatland theory has been confirmed beyond 
doubt. This time we are certain that we did not deviate an inch from our 
straight-line route.We travelled following the route with the utmost precision. 

— Equilaterus: It is true, | can confirm it. 

— Pentag: | am very happy to be able to confirm my theory. And what was the 
antipode like? 

— Squarina: Just like on the first trip, we were not able to identify any specific point 
as the point from which we were on our way back to Flatdon again. And this 
time we were really looking out for it. We measured the distance travelled. As I 
understood it, the antipode should be precisely at the midpoint of our journey. 

— Pentag: But this time it was easier! There was no need to measure the distance. 
The antipode should be in the place where your second journey crossed with 
the first one you made. You already visited the antipode on your last trip. 

— Squarina: How strange! The two routes did not cross. We kept an exhaustive 
diary of the trip, with the description of all the places we have seen. We did 
not pass through any point in the second trip that I had already seen on the 
first one! 

— Equilaterus: 1 knew it! We were deviating from the route and travelling in 
a circle. There must be something wrong with our navigation devices; they 
must have a error which we did not notice. The fact is, it is clear that we are 
on an infinite plane. 

— Pentag: 1 can’t believe it. Flatland is not a sphere! But, Equilaterus, it is not a 
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plane either! Look, if it were a plane, if you have a route that goes north and 
returns from the south, and another that goes east and comes back from the 
west... they would cross one another too! 


The routes from Squarina’s two expeditions should intersect. 


The Flatlanders had run out of theories on the shape of the Universe. And, 
moreover, they did not know what kind of expedition to make in order to find out, 
So they decided to establish a Topology Department at the University of Flatdon, 
in which prestigious scientists worked on solving the great problem of the moment: 
discovering the shape of Flatland. Pentag managed the project. 


The Topology Department 


There was one effective and conclusive, although somewhat expensive, way of find- 
ing the shape of Flatland. It consisted in exploring the entire territory and making 
maps of everything. Something like having an atlas of Flatland. Each map would be 
placed on a numbered page (it could contain drawings and names of the different 
enclaves: lakes, rivers, hills, etc.) but, above all, on the edge of each map would be 
the numbers of the maps onto which we would move if we carried on travelling 
in that direction. 

It is undeniable that this is a ‘complete’ way of ‘knowing’ a space. With an atlas 
we can travel anywhere without ever getting lost. What does it really mean to ‘know’ 
a space? Surely it means to be able answer any question about it. For example, 
Squarina’s two routes could be drawn using the atlas and it could be understood 
why they had not intersected. 
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Pentag drew the charts that would form the atlas of his model of spherical 
Flatland. It had six maps, numbered from 1 to 6, and they contained the rules about 
going from one to the next. 


Representation of Pentag’s sphere with maps. The route drawn passes across maps 1-4-6- 
2-1. Supposedly, Squarina set off from map 1 and arrived at the antipode in the middle of 
her journey, on map 6. 


The sphere proposed by Pentag was drawn with six maps which are joined 
as shown here. Flatdon is on map 1, and the antipodal point is on number 6. The 
drawing on the left of the above diagram shows us what is happening (but it is only 
of any use to us three-dimensional beings!). The representation of the sphere as a 
surface in three-dimensional space allows us to understand (and it gives us a certain 
feeling of security), but it is important to be aware of the fact that the right-hand 
drawing is ‘as complete’ as the one on the left. In fact, a surface does not need to 
be in three-dimensional space to be a surface. Flatland is not in any space as it ‘is’ 
the space itself. 

Pentag did not have the image of the sphere in three-dimensional space to help 
demonstrate that the six-map model is equivalent to the disk-with-antipode model 
on page 31. Instead, he argued as follows. He started joining the maps up. He had 
no problem with the first five. Of course, to join them he had to stretch them, but 
this was not a issue as he was studying the problem from a topological point of 
view. For map 6, he had to join its edge to the other five, following the numbering 
provided. As there was no way of doing it in Flatland (due to the lack of ‘space’ in 
its bidimensional world), he marked a point on map 6 with a * (which he knew 
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ATLASES 


We are well used to looking at maps of sections of the Earth in our everyday life. These maps 
appear as pages of an atlas, and the numbers of the pages we should go to in order to con- 
tinue along a certain route or road are printed at the edges. In fact, it is common for the area 
of the edge of a map to be repeated on the next map. Sometimes, the repeated area is a little 
distorted by a change of scale, a slight rotation of the map, or by the distortion caused by the 
curvature of the Earth. But if we were to take the pages out of the atlas and join them together 
at the edges, we would get a realistic map (perhaps a little distorted, but that does not matter 
much to a topologist) of the region in question. 


ee 
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Image of an 43-page (chart) atlas of the city of Central Kingston (Ontario, Canada). 


In cartography, maps are also called charts. In mathematics, an n-dimensional space is called a 
variety, and it is understood as a set of charts, that are ‘collected’ in an atlas, in which ‘joining 
tules’ are included, in other words, a way of leaving one chart and entering another. Maps of 
areas of the Earth are therefore represented by varieties of dimension 2. 
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must be the antipode) and inverted square 6 (moving the edge to the centre and the 
centre to the edge). He then joined the edge of this square to the previous maps, 
not forgetting that the outer part of map 6 corresponded to the point with the *. 
The result was his model of the disk for spherical Flatland. 


The result of joining the six maps, where the * has been removed from the square marked 
with the 6 so that it could be inverted. 


Looking at loops in Flatland 


The initial problem faced by the Topology Department was explaining how it was 
possible that the two paths from Flatdon (one in the North-South direction and the 
other in the East-West direction) did not intersect. 

The best way to study paths on a surface was to imagine that they were formed 
by an elastic string, such that the route became a loop. If we move a loop to one side 
(stretching or shrinking it as necessary), what we are doing is changing path. Some 
loops can be moved such that we can ‘shrink’ them. In other words, we can move 
them towards us and then contract them until they become a point; these loops are 
described as trivial. 
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A loop on a sphere can always be shrunk; however, there are non-trivial loops on a doughnut. 


The topologists on Flatland deduced that the routes taken by Squarina could 
not be trivial loops. Let’s imagine that one of the loops (the continuous line in the 
diagram below) is trivial. In that case, it can be contracted by pulling the ends. What 
is left in the middle is a disk (shaded grey in the diagram).The dotted loop has one 
end inside the disk and the other outside it, so there is a point at which it ‘leaves’ 
the disk. This is the point where the loops intersect. 


Two loops in Flatland If one of them is trivial, the loops intersect one another. 


Therefore, if Squarina had left a flexible string along her path and then tied its 
ends together, she could not shrink it by pulling them. This is like saying that this 
loop ‘encompasses a hole’, even if the Flatlanders cannot see the hole. In fact, what 
better way to say that there is a hole? We can say that a hole appears when we have 
a loop that we cannot contract. Or, even better, that ‘a hole is a non-trivial loop’. If 
a non-trivial loop can be moved to the point where it represents another loop, then 
they both represent the same hole. Two loops, of which one can be transformed 
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LOOKING FOR HOLES: THE FUNDAMENTAL GROUP 


The fundamental group is an algebraic invariant that tells us about the ‘holes’ in a space X. We 
take point P of X, which we will call the base point. We call a path that starts and ends at Pa 
loop in X, which we can imagine as a closed string we have thrown into the space. Loops in X 


=~ 


into the other are called homotopes (from the Greek homo, similar’ and topos, ‘place’). 


Two homotopic loops ‘surround’ the same hole. The hole exists in the two-dimensional world, 
regardless of whether the surface is in three-dimensional space. 


First attempt: the torus 


The first theory on the shape of Flatland, which allowed the existence of the paths 
travelled by Squarina, was contributed by a young doctorate student, Trapezon. He 
did his thesis in the Topology Department on a poorly paid scholarship, and his 
supervisor, Pentag, gave him more to worry about than he deserved. The idea came 
to him, like all great ideas, by chance. Trapezon was looking for a way to construct a 
loop that did not cut any others. He read about a recent physics theory in which a 
particle could disappear at a point in space and appear at another. Although (accord- 
ing to the physics theory) this was a quantum effect, he proposed, as a hypothesis, 
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can be moved, as long as their start and end points remain at P. In this movement, the length 
_ of the path can vary. (Think of the string as if it was an elastic band.) If by fairly dextrous move- 
_ ments of the path we can bring the entire loop to surround P, and finally (as it is elastic) reduce 
it until it becomes point P itself, we would say that the loop is ‘trivial’. Non-trivial loops surround 


holes. The fundamental group is formed by all the holes in X, that is, by all the loops, where two 
‘of them are considered equal if one can be transformed into the other by elastic movement. 
The fundamental group is one of the most important objects in topology, that is where its 
perhaps pompous, but well-deserved name ‘fundamental’ comes from, 


that there was a point in space into which, ifa Flatlander entered, they would appear 
in another area of space. The area must have been large enough for an individual to 
fit. It would be like a kind of interspatial door which allowed you to travel quickly 
from one point to another. 

Let’s imagine a Universe with one interspatial door, or portal in the east and 
another in the west, such that if we walk into P., we walk out of Pi and vice versa. 
In this situation, we could draw the two paths that Squarina could have followed. 


Trapezon travelling through an interspatial door. 


These two routes do not intersect. In fact, the solid route is non-trivial: if we move 
it, it will always enter P, and exit P,. This fact means that it cannot be shrunk to its 
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point of origin. The dotted route is also non-trivial, there is no way of shrinking it 
to a point. Trapezon found two problems with this model: 


1) The dotted route is not a straight line. Trapezon could have answered that, as a 
topologist, he could draw a straight line or a curved line to represent the same 
path. But he provided a different explanation, making a model which included 
an antipodal point. The dotted path always headed north, passed through the 
antipode and then returned from the south. Therefore, the space was finite and 
unlimited, just as it had been with the sphere model. 


2) Squarina had not seen an interspatial door, no circular place (or place of any 
shape) into which she realised she could enter and come out somewhere else. 
Trapezon argued that there was no reason why she would notice the transition 
when passing through the doors. If we look towards door P,, we simply see 
what is ‘behind’ it, which is the space in front of P,,as light also travels freely 
through the door. In fact, there would be no way of seeing the door, so it 


would go unnoticed. 


s BA a 


Left: Trapezon has entered though P, and is half-way through, exiting through La 
Right: Squarina and Triangulo talking. They are facing one another and do not notice any 
peculiarity in the space. 


As you are probably a topologist convert by now (a three-dimensional one at 
least), understanding the world proposed by Trapezon is simpler than it seems.We can 
make use of the third-dimension to visualise Flatland. Also, as we are approaching the 
shape from a topological point of view, we can stretch areas of Flatland as we wish. 
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Let's start by stretching the area around doors P, and P,, in such away that we 
can bring them together: 


Points P, and P, correspond to one another. The continuation of a path which 
enters through point P, exits from the corresponding point of P,. Now we are going 
to bring P, and P, together until the corresponding points are connected. 


We have joined P, and P,. The result is a ‘handle’. On the surface, 
what we previously understood by P, and P., is now a circle labelled C. 


Remember that the interspatial door cannot be seen. There is no black line in 
Flatland that defines door C.A flatlander would not notice any physiological change 
when passing through it. Therefore, from a physical point of view, door C does not 
exist in Flatland, instead it is merely a formal device to help Trapezon explain how 
it is possible to solve the problem of Squarina’s journeys. 

When Trapezon travels through interspatial door C, he walks from right to left 
crossing C, as in the path in the diagram on the previous page. This loop is non- 
trivial, that is to say, it cannot be gathered to a point, which demonstrates that we 
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are surrounding a hole. Although we can only visually see the hole from the third 
dimension, that is not necessary to be able to know that it is there, as the Flatlanders 
can recognise the existence of the hole with the tools available to them (loops in 
Flatland). Therefore, we can say that Trapezon also ‘sees’ the hole. 

Trapezon called his two-dimensional model of space with an interspatial door and 
antipode a torus model. (Trapezon coined the word ‘torus’ from the acronym TORUS 
—Transport Of Remote Uniform Solid. And he postulated that Flatland was a torus. 
Just as with the model of the sphere, the extension of Flatland would be infinite, 
but it would not have any borders. Squarina’s two journeys could be made in this 
territory. In mathematics the surface of a doughnut is known by the name torus. 
However, please note that this term actually comes from Latin and means ‘cushion’. 


The torus model has a pair of interspatial doors and an antipode. In it, Squarina 
could make two journeys in a straight line which do not intersect. If we make a topological 
deformation we see that the surface is the equivalent of a doughnut, and on that surface we can 
draw two loops from one point which do not intersect each other. 


The square torus model 


Trapezon proposed a second model for the torus. It consisted in drawing a square 
with four sides, one at each cardinal point: north, south, east and west (N, S, E and 
W). Ifa Flatlander approached side E, they would appear at the corresponding point 
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on side W (the corresponding point was at the same height). Instead of a small inter- 
spatial door, he considered a large line through which you could be ‘transported’ 
to another area. In turn, if anyone travelled towards the north and met with side N, 
they would appear at the corresponding point on side S. 


N 


Flatlanders on the square torus model. 


Having chosen large interspatial doors, now the problem arises of explaining what 
happens where these lines meet. It could be that when passing through one of these 
doors, half of each of us is transported to one place in Flatland, and the other half to 
somewhere else. What a thought! Trapezon realised this and verified that when we 
stop at one of those points, our bodies are distributed over four areas. 


A corner zone. 
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However, at that point a Flatlander would not notice anything unusual, Let’s take 
a look. Suppose that Trapezon travels to point B and stops there. As he was travelling 
towards N and towards E, part of his body has gone to S and part to W. In fact, he 
has been simultaneously transported to points A, C and D. Once he arrived at B, 
he could decide to exit at any of the four vertices, depending on which direction 
he chooses. From B,Trapezon can look around and see an area of the torus (assume 
Flatland is very big and therefore he will not see a very large section). The area is 
formed by four regions: to the south-west is the shaded area of the square at B; the 
region to the north-east is the shaded area of the square at C; the north-west zone 
corresponds to the shaded area at D; and finally, the south-east region with the 
shading at A. Thus, he will still see Flatland as a flat world. If the interspatial doors 
were painted with black lines, he would, at the least, see a cross exactly where it is. 
But as these doors are not marked, he does not notice anything out of the ordinary. 
Therefore, to the Flatlanders, the doors do not ‘clash’ with their surroundings. 

Again, we can make use of the third dimension to draw Trapezon’s square 
topologically. We stretch it into a rectangle shape. Now we join side N with side 
S and we stick them together. Sides E and W have become circles. In order to 
stick them together, we stretch the cylinder we have made and we join E to W; 
joining them gives us a torus. The four corners have come together to form a point 
which, having eliminated the join marks, is indistinguishable from all other points 
on the torus. 


N 


WE 


A square with sides N and S stuck together and sides E and W stuck together 
is the topological equivalent of a doughnut. 
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Trapezon also demonstrated that his model of the square was equivalent to 
his model of the torus. In fact, this was the route he took to discover the second 
model. He took his original model and drew a line westward from interspatial door 
P, through the antipode, which reached door P, from the east. He called this line 
L; more specifically, he called the upper side L, and the lower side L,. At this point 
he did the opposite to the joining process. He said to himself:“L is going to be an 
interspatial door. If you walk into L,, you come out through L,, and vice versa”. In 
other words, he had drawn the final result of having an interspatial door and moving 
the space in order to ‘join’ its two edges. 

The key lies in the fact that an interspatial door is a line in Flatland which 
we cross in order to come out at another point in Flatland. In fact, we can draw 
‘any’ line in Flatland and declare it an interspatial door, as it performs the same 
function. As we said previously, there is nothing telling us there is a door anywhere. 
Unless we paint it with black dye, the Flatlanders will not be able to see it. By 
this reasoning any line ‘is’ an interspatial door, as you enter on one side and exit 
from the other. 

Once Trapezon had this drawing he separated the two zones L, and L,, not 
forgetting that if you enter through L,, you exit through (the corresponding point 
of) L,. And this is how he arrived at the square model. 


L, L, 
* 
Lx 
Pe P, 
ee 
I E. 


2 


re 


P, and P, become E and W,, respectively, while L, and L, become 
Nand S. The antipode becomes the mid-point (marked with a +) 
of L, and, therefore, of L,, as both zones are joint. 
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Other possibilities 


Trapezon was not only awarded a PhD for his brilliant idea, he was also awarded 
the prize of Young Researcher of the Year. He had proposed a magnificent theory 
which explained Squarina’s two paths, and which had surely resolved the problem 
of the shape of Flatland. The only thing missing was confirmation that this was the 
shape of their world. But before there was time to prepare an expedition to check 
if Flatland was just as Trapezon had predicted, it was Pentag himself, the eminent 
topologist (and Trapezon’s supervisor), who brought an end to the hope of solving 
this problem in the short term, doing what an experienced mathematician such as 
he knows best — generalising already known theories. With the same idea of interspa- 
tial doors, Pentag found a way of building a multitude of possible two-dimensional 
worlds, all of them potentially valid as shapes for Flatland. To do this, he place four, 
six or any number of interspatial doors on a disk. These doors had to be in pairs, 
for example, six doors with the names P,, P,, Q,, Q, and R,, R,. Whenever you 
enter P,, you come out of P,, and vice versa. If we enter Q,, we exit through Q, 
and vice versa, and so on. In a world such as this, it is possible to find paths that do 
not intersect, such as those travelled by Squarina. 


@/@ . 
@ @)- ae 
© @ s 


A world with three pairs of interspatial doors. There are two paths from Flatland that do 
not intersect, Using the third dimension and a topological deformation, we can prove that 
this world is the equivalent to the surface of a ‘three-holed doughnut’. 
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These spaces have many non-trivial loops. We call the number of pairs of 
interspatial doors the genus and it is represented by the letter g. In a model of this 
type there are 2g interspatial doors. The case of genus g= 1 is the one described by 
Trapezon. Pentag had generalised this case for any genus where g 2 1. For every pair 
of doors, we have a path which enters one of them and exits the other (and then 
returns to Flatdon). We also have the path that surrounds the first door, These two 
loops do not intersect; therefore, they cannot be trivial. Doing this for every pair of 
doors gives us 2g non-trivial loops. 


Orientability: the Mobius strip 


The question of the shape of Flatland quickly become a popular topic of conversation. 
All of Flatland wanted to have their say on the matter, or thought they were sure 
of the answer. There were those who had completely unscientific answers. Others 
took advantage of the craze to make money from fad products. Some tried to settle 
the issue with a survey of Flatlanders: “What shape do you believe Flatland to be?” 

One science-fiction writer wrote a novel in which a Flatlander, called Isoscelus, 
travelled around Flatland, and when he returned to his native city he was back-to- 
front! In other words, his left-hand side had become his right-hand side and vice 
versa. Flatlanders have their eye on the right. However, after his trip, Isoscelus had it 
on his left. After a fantastic chase, the secret services catch him and lock him in jail. 
They carry out numerous medical experiments on him, as well as subjecting him 
to harsh interrogation, hoping to discover what strange extra-flatlandial world he 
has come from. But Isoscelus always maintained that he was the same Isoscelus who 
left on a journey several years before. The most intriguing thing is that Isoscelus, in 
his delirium, claimed that his eye was on the right, and that it was the rest of the 
Flatlanders who had their eye on the left. In fact, he always seemed to use the words 
left and right the wrong way round, lifting his right hand when asked to lift his left, 
and vice versa. It was as if he were living on the other side of the mirror, claiming 
that it was reality and everything else was a reflection. 

The novel ends with the discovery by Isoscelus’s younger brother Scalenius, 
who had never given up his struggle to find and free him, of an interspatial door 
which ‘flipped’ anything that went through it. Isoscelus’ brother manages to free 
him, and before he can be captured again, they travel through the interspatial door 
and return home. Isoscelus recovered his original orientation, and could no longer 
be imprisoned by the police. However, Isoscelus’ brother, having accompanied him 
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on his second trip, came back with his eye on the left, and before he can explain 
himself, he is thrown in jail! 


Isoscelus lives in a strange world where, after a journey, he comes back and his orientation 
has changed. But he does not feel as if it has changed. 


Lines A and B are joined, but the points correspond with the inverted orientation, 
in other words, the top points on A correspond to the bottom ones on B, 
and the bottom ones on A with the top ones on B, The arrows marked on A and B 
represent this idea: to join A to B, but in such a way that the arrows coincide, 
The resulting surface is known as a Mobius strip. 


There was a consensus among the Flatland scientists that, although the idea of 
making journeys that inverted orientation could have a lot of potential in cinema and 
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literature, it was not a reality. Such phenomena had never been described in Flatland. 
In the real world, all the citizens have their eye on the right, and it is ‘unthinkable’ for 
this not to be so. Therefore, the idea that Flatland could be a world with orientation 


anomalies was immediately rejected. 


MOBIUS 


In the Argentinian film Moebius (1996), the 
underground rail network in Buenos Aires 
becomes a Mébius strip. One of the trains 
on the line vanishes into space and time. 
In the period during which the story takes 
place, the city’s underground network is a 
labyrinth that is only connected by the Perim- 
etral, one of the lines in which it is possible 
to find a trace of the missing train. The film 
demonstrates the potential dangers of a non 
orientated world, and is based on a story by A.J. 
Deutsch, A Subway Named Mobius (1950). 
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Surface topology 


Topology is the branch of mathematics that studies the ‘global shape’ of spaces when 
they can be deformed through continuous transformations, in the form of stretching 
or contracting, but without cutting, sticking or squashing. Etymologically, the word 
topology comes from the Greek topos, which means ‘place’, and the suffix logy, ‘study’ 
— it is the study of location. 


THE BRIDGES OF KONIGSBERG 


It could be said that research into topological matters dates back to the work carried out by 
Euler in 1736 on the seven bridges of Kénigsberg (a city in East Prussia, now called Kaliningrad 
and in a Russian exclave), Euler studied the problem of finding a route that crossed all seven 
bridges once each and once only, and he noted that in order 

to do so the only properties of the figures he would need 

were their shape ~ the position of their parts and how they 

are connected, without taking into account their distances or 

other metric properties. In fact, Euler represented each area 

of the city with a point, and each bridge with a path, which 

led him to translate the problem into the graph on the right 

with just one line. 

The diagram 
shows Leonhard 
Euler's solution 

to the problem 


of the bridges of 
K6nigsberg. 
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To a topologist, shapes like those that follow are entirely equivalent. Any of 
them can correctly be called a torus, 


(PE 
Lee 


The idea is to imagine that the figure is made of an elastic and very flexible 
material that cannot be broken but can be moulded to our every whim. For example, 
in the third figure we have ‘corners’ which can be rounded. We will call this type of 
deformation elastic deformation. The following shape is also a torus: 


B 


B 


A square whose sides have been identified in pairs. 


Here we have indicated that the sides labelled with an A are considered 
‘identified’, and likewise for those marked with the letter B. The arrows indicate 
in which direction we have to identify the sides: when we join them the arrows 
should coincide. This is necessary because there are two possible ways of joining 
them. Therefore, the space represented by the above figure is a torus after joining 
sides A together and sides B together. 
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In the diagram on page 44 we saw that if we deform the square in three- 
dimensional space, we can join sides A together and sides B together. Now we are 
allowed to stick them. Here we need a clarification because we have just said that 
sticking is not permitted. The point is, in this situation, we have said that the sides 
are ‘formally’ stuck (identified). Therefore, in the final step in the figure on page 
44, which consists in sticking sides A together and sides B together, actually we 
are not doing anything; we are just returning something that was formally true to 
(visual) reality. Also, once the sides have been joined, there are two circles drawn 
on the surface, marked with the letters A and B; these circles can be ‘deleted’, as 
now they do not mean anything. 

And what about the following figure? 


IES 


eee 


This figure is also a torus! Let’s look at it in the following way: We mark two 
loops with the letters A and B, and cut along them, writing repeated letters and 
arrows to indicate an identification. Again, cutting is not a permitted operation. But 
actually what we have done is ‘cut while remembering that no cut has been made’, 
in other words, topologically, we have not done anything! The result is the square 
with the labelled sides, just like before. 


OOH 
eee . 


We can construct this knotted torus from the square on the previous page. 
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You are probably wondering how it is possible for a knotted torus to be 
transformed into the doughnut-shaped torus in the diagram on page 52 by means of 
the processes of stretching and contracting. Of course, there is no way of unknotting 
a torus ‘within’ three-dimensional space. To understand this we need to be a little 
more precise with the terminology we are using. 


Intrinsic topology and extrinsic topology 


We call those properties that depend on the figure in ambient space (three-dimensional 
space) extrinsic properties. Two objects have the same extrinsic topology if we can get 
from one to the other by means of a deformation ‘within’ the ambient space. The 
surfaces of the diagram on page 52 are topologically equivalent from the extrinsic 
point of view. However, the knotted torus is extrinsically different to the normal torus. 
Let’s imagine that we have a rubber torus in the shape of the knotted form. It is not 
possible to undo it, no matter how much we deform it, without breaking it. 

On the other hand, we call the topological properties of the figure itself that 
do not depend on how it is placed in three-dimensional space intrinsic topology. The 
toruses in the figure on page 52 and the knotted torus are intrinsically equivalent. In 
fact, it is not even necessary for the figure to be placed in three-dimensional space. 
All the surfaces are topologically equivalent — a person inside them could not tell 
them apart. 

We can say that two surfaces of the space are topologically equivalent if we can 
transform one into the other through a process of elastic transformations (stretching 
and contracting), allowing operations involving ‘cutting, deformation and sticking 
again in the same place we have cut’. In this case, a two-dimensional being would 
not be able to tell the original surface from the final one. 

The correct way of understanding the (intrinsic) topology of a space consists 
of looking at the space itself, without considering whether or not it is immersed 
in three dimensions or in any other space. In this situation, if two spaces X and Y 
are equivalent, the ‘deformation’ between them is given by the function f X— Y. 
This function makes the points of X correspond with those of Y (technically, f 
is a bijection), such that each neighbourhood of a point of X corresponds to a 
neighbourhood of a point of Y (in mathematical terms, f is ‘continuous’, in two 
directions, from X to Y and from Y to X).The property of continuity is that which 
reflects that the deformation stretches or contracts, but does not break. 
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The mathematical term which designates the deformation f is homeomorphism 
(from the Greek, homos,‘same’, and morphe, ‘shape’). Therefore, two spaces are home- 
omorphic if they are the same (global) shape. 


A homeomorphism between two spaces X and Y. Take points to points and one 
neighbourhood to another neighbourhood. 


Orientability 


We say that a surface is non-orientable when we can draw a loop on it which ‘switches 
orientation’. In other words, if a Flatlander travels along the path, they will return 
with their right-hand side on the left and vice versa (as shown in the top diagram 
on page 48). 

The Mébius strip is a non-orientable surface. It is constructed with a long strip of 
paper, joining its short edges having given one of them a half turn. It was discovered, 
independently, by the German mathematicians August Mébius and Johann Listing in 
1858 (it was Listing, by the way, who coined the term topology). It is a surface with 
intriguing properties: 


— It only has one edge: if we mark a point on the edge, and run a finger around 
it and return to the starting point, we will have passed along the whole edge. 

— It only has one face: if we place a finger on a face and move it along that face, 
we arrive at the same point with the finger touching the other side. Therefore, 
both sides of the Mébius strip are the same face. 


55 


SURFACE TOPOLOGY 


Mobius strip, 


We say that the surface in a three-dimensional space is bicolourable if it has two 
faces, such that we can colour it with two colours (shades of grey have been used in 
the following diagram). Therefore, the Mdbius strip is not bicolourable. Sometimes 
the property of being orientable is confused with that of having two faces, but 
they are different concepts: being orientable is an intrinsic property, while being 
bicolourable is an extrinsic property. 

As three-dimensional beings, we have the perception that surfaces have faces 
but, actually, surfaces do not in themselves have faces. (By the face of a surface we 
mean an area in three-dimensional space which is close to the surface.) Therefore, 
it is an extrinsic concept. If you still doubt that the colouring of surfaces is a three- 
dimensional process, consider the following question: can we bicolour curves? The 
answer is that curves can be bicoloured if they are in two-dimensional space, but 
not if they are in three-dimensional space, or if we consider them alone and not in 
any space. 


A curve on the plane can be bicoloured, that is, it has two faces. A face is coloured by 
painting an area near the plane. A curve in space does not have ‘faces’. 


SURFACE TOPOLOGY 


For a surface in space, if we put ourselves at a specific point, we have two faces, 
which we can mark with red and blue, respectively, But the concept of bicolouring 
the ‘whole’ surface is global. It could be that when attempting to colour the whole 
surface (by extending the colours we have chosen for the start point to everywhere) 
we find that the colours mix. This is exactly what happens with the Mébius strip, 
and therefore it is not bicolourable. 

Orientability is an intrinsic concept. A surface is — in mathematical terms — 
infinitely flat, with a thickness of zero.A Flatlander is not ‘on’ the surface, but ‘inside 
it’. In their Universe there is no way of telling one face from the other, as they cannot 
look in the direction that is perpendicular to the surface and say, “The face on this 
side is blue”. Also, it could be that the surface is not in three-dimensional space (if it 
is an abstract surface, such as the torus in the lower diagram on page 52), in which 
case it would not even make sense to talk about faces (regardless of whether or not 
a Flatlander could see them). 

It is interesting to note that in the case of a surface in three-dimensional space, 
it is bicolourable precisely when it is orientable. So these concepts coincide (even 
though the former is extrinsic, and the latter intrinsic). The advantage of the concept 
of orientability over that of bicolourability is that the first can also be applied to 
abstract surfaces (those that are not in any space) and those that are in non-three- 
dimensional spaces (spaces with four or more dimensions). 

Let’s verify this result. For a bicoloured surface, let’s choose one of the two 
colours, blue, for example. As three-dimensional beings, we can look at Isoscelus 
from the blue side. Let’s suppose that we see him with his eye on the right. As 
Isoscelus moves around the surface, we follow him with our eyes, always looking 
from the blue side. We continue to see the eye on the right-hand side at all times 
(all we have to do is to slowly follow his movement and check that the eye stays 
in the same place at all times). When travelling along the surface and returning to 
the start point, Isoscelus’ eye stays in the same place (still observing from the blue 
side), so the surface is orientable. 

However, if the surface is not bicolourable (if it only has one face), Isoscelus can 
move along it, such that we start looking from one side and end up looking ‘from the 
other’. During the entire process, we always see Isoscelus’ eye on the right-hand side. 
At the end of the journey, Isoscelus has his eye on his right-hand side when viewing 
‘from the opposite side to the original’ That is to say, if we look at it from the original 
side, he has his eye on the left. He has undergone an orientation inversion, 
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THE MOBIUS STRIP AND THE CYLINDER 


The following experiment with the Mébius strip is great fun. We need a long strip of paper, 
about 4.cm wide and 10.cm long, and then we join the ends. if we join them without twisting 
them, we get a cylinder (with its two edges and its two faces). But if we give one end a half 
turn before joining them, we will get a Mobius strip (with just one edge and one face). Now 
let's cut along the ‘equator’ with a pair of scissors. We get one, 2-cm-wide strip! 

This strip has two edges and two faces (which we can verify by running a finger along the strip). 
In fact, we get the same surface that we would get if we had joined a rectangle like the original 
(but 2 cm wide and 20 cm long) having given the short edge two half turns. Topologically, this 
surface is a cylinder, Why? 

If we now cut the surface through the equator again, the new strip will be 1 cm thick. The 
result is two interlinked strips, which are, in turn, twisted cylinders. 


The Klein bottle 


The Klein bottle, which we have already looked at on page 17, is a non-orientable 


surface, with no boundaries, which has become very popular in the mathematical 


community. It looks like a bottle, although its name comes from a translation error. 


It was introduced by German mathematician Felix Klein in 1882, and he called 


it fldche, which means ‘surface’ in German. As bottle is flasche, it was incorrectly 


translated, albeit into a somewhat apt alternative, which was soon too late to correct. 


The error was compounded because its three-dimensional representation is indeed 


reminiscent of a bottle. 
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The Klein bottle is obtained from a square, identifying the sides as shown in the 


following diagram: B 


B 


If Squarina heads east, she appears from the west with her orientation inverted, 
but if she heads north, she returns from the south ‘the right way round’. Therefore, 
it is a non-orientable surface. Also, it contains a Mébius strip, the grey part of the 
diagram above. 

Now let's try to construct the Klein bottle in our three-dimensional world. By 
joining the sides with the letter B we obtain a cylinder whose two ends, the circles 
marked with the A, we now have to join up. However, the arrows are pointing in 
opposite directions, which means that we have to ‘introduce’ one of the ends of the 
cylinder through the inside, so that the arrows point in the same direction, to be 


able to join them. 
B 


+ 


es 


The diagram shows the joining of the sides of a Klein bottle based on the position of the arrows. 
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But now it is impossible to join the two circles marked with the letter A, as it is 
the wall of the surface itself that separates the two circles! There are two solutions. 
One is to ignore the problem and allow the cylinder to penetrate the wall of the 
surface and join it, in which case we get a surface like the following: 


This is not exactly a Klein bottle, as it should not have the self-intersection of 
the neck with the wall, but we can ‘pretend’ that the intersection does not exist. 

The second solution consists in resorting to the fourth dimension. As the Klein 
bottle does not fit in three-dimensional space, we need more space to construct it. 
What we do is add a neck that joins the two circles from the last drawing on the 
previous page, introducing it in the fourth dimension. Thus, it does not intersect the 
wall, which is in the normal three dimensions. In order to understand how to join 
the neck, we are going to use a small analogy in the world of the Flatlanders. Suppose 
Squarina wants to connect a string to two points in her world, and there is a wall in 
the middle which she does not want to go through. If she uses an extra dimension, 
she can raise the string a little to the ‘third’ dimension to avoid the intersection. 


paar enh 


Squarina joins two points in Flatland using the third dimension to avoid a wall. 


Analogously, we can start from the outside circle (in the last drawing on the 
previous page), extend the neck by raising it a little in the ‘positive’ direction in the 


fourth dimension, enter the inside of the bottle there and then lower down in the 
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fourth dimension to continue with the connection of the neck to the internal circle 
back in the three-dimensional world. 

It is interesting that a surface such as the Klein bottle does not ‘fit’ in three- 
dimensional space. It is one more reason to focus on the study of spaces with intrinsic 
shapes and not make them rely on the ambient space, into which it is possible that 
they cannot be introduced. 

There are other non-orientable surfaces. One of the most famous is the projective 


plane, which can be represented by the following diagram: 


We take a two-sided polygon (!) and identify it with following the arrows. 
Thus, we get a non-orientable surface known as the ‘projective plane’. 


The famous Mathematical Research Institute of Oberwolfach (in Germany) has a large-scale 
model of the projective plane at its entrance. It was made and donated by Mercedes-Benz 
in January 1991. As it is non-orientable, this surface has self-intersections, 
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Surface topology 


Our objective now is to understand the topology of two-dimensional worlds, those 
which could be potential worlds for the Flatlanders. Such spaces are called surfaces (or 
topological surfaces).They are surfaces such that any point has a small neighbourhood 
that is like a small part of the plane. We use neighbourhood to refer to the points that 
are close to a given point P. Therefore, a short-sighted (in relation to the world, in 
other words, it can only see a short distance) two-dimensional being on a surface 
would believe that the space is a plane. 


In a neighbourhood of any point we can place two coordinates (x,y), 
but we cannot use these coordinates on the surface as a whole simultaneously. 


Finiteness and compactness 


The Flatlanders argued about whether or not Flatland was finite or infinite.A surface 
like the plane is infinite, as it has an infinite area. But we should be cautious here, 
as the concept of area is not topological (it is necessary to make measurements to 
calculate it). In fact, as topology allows us to stretch things, we can turn surfaces 
with finite areas into surfaces with infinite areas. For example, an open disk (without 
boundaries) can be stretched to become the whole plane. Firstly we make it convex 
so that it becomes a hemisphere, and then we project the hemisphere from the centre 


so that it reaches the entire plane, 
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A hemisphere between the disk and the plane. 


To avoid mistakes in the concept of finiteness, topologists have coined another 
concept, that of compactness, which is topological but it also maintains the basic 
idea of finiteness. A surface is compact if it cannot be topologically stretched 
to give it an infinite area. For example, the sphere and the torus are compact 
surfaces because we can make them as large as we like, but they will always have 


a finite area. 


Without boundaries versus unlimited 


The Flatlanders also imagined that Flatland was unlimited. Surfaces can be ‘limited’ for 
two reasons. Firstly, they can have boundaries. Examples of surfaces with boundaries 
are a disk, the boundary of which is a circle; the MGbius strip, the boundary is also a 
circle; and a cylinder, which has two circles at its boundary. Technically, right on the 
boundary our coordinates (x,y) do not form a neighbourhood of the plane, but half 
of one, because we have the condition y20. If we had a surface with a boundary, a 
two-dimensional being could reach it and from there would not be able to continue 
its journey. (It would be like finding a wall at the end of the road.) Obviously, a 
surface with a boundary is limited; the boundary acts as the limit. 

There are also surfaces without boundaries, but which are not unlimited either, 
An example is a disk without boundaries, which is called an ‘open disk’. A Flatlander 
could travel to the ‘non-existent’ boundary of the disk, where they would find the 
end of the surface, but this time there would not be a ‘wall’. 
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A surface with a boundary. 


The concept of having boundaries is topological, but that of being unlimited is 
not.An open disk and a plane are topological equivalents, but the latter is unlimited, 
while the former is not. By unlimited, therefore, we mean that if'a Flatlander walks at 
a constant speed, they can walk for their entire existence (even if they are an eternal 
being) without ever leaving the surface. 

All compact surfaces without boundaries are unlimited. Our concern is finding 
compact surfaces without boundaries (which are the precise terms we have to use as 
topologists to translate the colloquial expressions finite and unlimited from Chapter 2). 


The problem of classification 


We want to classify all surfaces that exist. In mathematics, to ‘classify’ (some kind of 
object) consists of the following: 


— Creating a list of such objects, which includes ‘all’ objects that have the 
property or properties that interest us; thus we will be exhaustive. 

— Checking that any two objects on the list are ‘different’, (In other words, they 
are not equivalent objects from the point of view from which we are studying 
them); thus we will avoid repetitions. 

— Determining a method (which is, where possible, constructive or mechanisable, 
so that we can programme it on a computer) which allows us, whenever an 
object of this type arises, to ‘detect’ which object on the list is its equivalent. 


In mathematical terms, let’s assume that we want to classify surfaces. They form 
a huge set S, the set of all surfaces. We want a list, £, which is a subset of S. In list 
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£ there will only be a small number of surfaces. They must fulfil the following 
conditions: 


1. S, S'e L, S#S'=>S#S'.This reads: if S, S* are two surfaces on the list and 
are different, then they are not homeomorphic. 

2.S€S=4 S'e L,S~S'.In English: given any surface S, there is a surface S' 
on the list which is homeomorphic to it (there is only one, due to the previ- 
ous point), 

3.There is a procedure P : S — L , which assigns every surface S, with the sur- 
face S'= P(S) from the list such that S and S' are homeomorphic. 


THE IMPORTANCE OF CLASSIFICATION PROBLEMS 


Classification problems are highly important in many areas of mathematics, as they allow us 
to have a manageable list of a set of objects, whose properties we can subsequently analyse. 
As a general rule, classification problems tend to be very complex. One of the most famous 
‘ones which has been resolved is that of simple groups, which was completed in 1982, a 
little later the Monster Group was constructed, the group of the greatest size possible, with 
808,017,424,794,512,875,886,459,904,961,710,757,005,754,368,000,000,000 members, 
But, in fact, there are unresolvable classification problems, such as the topological classification 
of compact varieties in dimension 4. Because any finitely presented group can be a fundamental 
group in a 4-variety, there cannot be an algorithm that decides if the 4-varieties are 
homeomorphic, because you would need a solution to the “word problem” in group theory, 
which is impossible to solve. 


In order to be able to classify surfaces, we need tools that distinguish them from 
one another. That is, we need properties that help us to decide when our surfaces 


are not homeomorphic. Some of them could be the following: 
1. If S is a surface, check if S is orientable or not. 


2. Check if the loops on S are trivial. In fact, we can look at all the loops on S 
and see how many holes S has. This gives rise to the fundamental group. 
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3.The Euler—Poincaré characteristic, which we will define later, 


There are other examples of tools which help to distinguish types of space. The 
area of mathematics which studies these tools is called algebraic topology. Algebraic 
topology seeks to associate topological spaces to some kind of algebraic object (that 
is,a set with some operation with algebraic properties), which has a certain degree of 
sophistication, but is usually more manageable than the space itself. On the downside, 


information is normally lost in this process. 


Euler-Poincaré characteristic 


Let's assume that a compact surface is divided into polygonal regions. (These polygons 
do not need to have straight lines; they can be deformed. Don’t forget that we are 
studying the surface from a topological point of view.) 


A surface divided into polygonal regions. 


We use V’ to represent the number of vertices, E is the number of edges and F, 
the number of faces (polygons) arising from the division, We call the number 


X=V-E+F 


the Euler—Poincaré characteristic (represented here by the letter chi, which is written 
X and pronounced ‘kee’). 

The most important property lies in the fact that this number does not depend 
on the way regions are divided up. This can be seen by verifying that every time we 
add or remove a region, the number X is the same. (Every time we have a division 
of regions we can add them or remove them, which is how we arrive at the final 
target configuration.) 
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THE EULER-POINCARE CHARACTERISTIC AND THE PLATONIC 
POLYHEDRONS 


Euler's famous formula establishes that, for any polyhedron V-E+F=2. Euler thought it strange 
that this surprising relationship had not been discovered by Greek geometricians, who had 
discovered all the Platonic and Archimedian solids. As all polyhedrons are homeomorphic to the 
sphere, all this formula actually means is that the Euler-Poincaré characteristic of the sphere is 2. 


Vertices | Edges | Faces Euler Characteristic 
ane Vv E F V-E+F 


Tetrahedron 


Hexahedron 
or cube 


Octahedron 


Icosahedron re 


Let's verify this property. We have a divided surface and further divide one of 
the regions into two, as in the upper figure on page 68. We label the number of 
vertices, edges and faces with V', E’, F'. Clearly, there is one more face: F'= F +1, 
On the other hand, there could be the same vertices or one or two more vertices, 
depending on whether or not the new edge uses the existing vertices or there are 
new ones. We write /'= +x, where x=0, | or 2. Finally, there is a new edge and, 
also, each vertex on it can break an old edge into two, generating another new one. 
Therefore, EF =E+1+ x. 

Let’s calculate % for the new division into regions: 


V'-B+F'=V+x-(E+1 +x) +(F+1) =V+x-E-1-x+F+1=V-E+F. 


67 


SURFACE TOPOLOGY 


In other words, we get the same result. 


Partition of a region into two. There are three outcomes: x= 0, 1 or 2. 


Compact, boundaryless and orientable surfaces 


We are going to start with the simplest of surfaces, the sphere. All loops on it are 
trivial. The Euler—Poincaré characteristic is 2. We can verify this with the maps on 
page 34; which gives us: F=6, V=8 and E=12.Then X= V-E+ F=2., 

Next, we will consider the torus. In the diagram on page 42 we have drawn the two 
holes with the two non-trivial loops passing through them (there are other non-trivial 
loops, but they are obtained by repeating these two).Therefore, the torus has ‘two’ holes. 
You may be thinking that the ‘doughnut’ only has one hole, but if you consider it as the 
surface ofa life belt, we can see both of them: the first is the one which we place our body 
through, and the second is the one (inside) which contains the air. (In any case, thinking of 
a hole asa place where we can introduce something is thinking ‘extrinsically’,and here we 
are focusing on the spaces themselves, in other words, ‘intrinsically’.) The Euler—Poincaré 
characteristic of the torus is calculated by dividing it up as in the following drawing: 


Division of the torus into regions. 
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We get F=4.The number of vertices = 4 (remember that point A is repeated 
four times, but that it is just one point on the torus; analogously, points B and C are 
repeated twice). The number of edges E=8.S0,X=4-8+4=0. 

The torus is obtained from the sphere through a process of ‘joining handles’. This 
process is analogous to the method of the interspatial doors discovered by Trapezon 
(see Chapter 2). It involves removing the small disks surrounding the two points of 
the sphere and joining a cylinder along their boundaries. 


Joining a handle. 


Topologically this process is the equivalent of taking the boundaries of the disks 
and stretching them until they are joined. We say that the torus has a genus g= 1, 
which means that it is obtained by joining one handle to the sphere. 

Finally, we are going to look at the general case, that is, the surface with genus g. 
It is obtained by a process of joining g handles to the sphere. It has 2¢ holes, where 
each new handle contributes two new non-trivial loops. 


After joining three handles to the sphere, we get six non-trivial loops. 
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The connected sum 


The connected sum is a process that is similar to joining handles. It is carried out as 
follows: we take two surfaces and remove a disk from each of them. Now we joina 
handle (cylinder) which goes from one surface to the other. 

If we take g toruses and make a connected sum of the first and the second, the 
second and the third, and so on, we get the surface with a genus of g. 


A connected sum of 3 toruses. 


Now let’s calculate the Euler—Poincaré characteristic of the connected sum. We 
take two surfaces divided into polygons, and we do so in such a way that the disks 
that we remove are both triangles (remember that we can select the triangulation 
as we wish, and that a disk is homeomorphic to a triangle). The handle that we join 
by bringing together the edges of the triangles will be like the one in the following 
diagram: 


Re: 
aaumeee« 
<7 ee 


A connected sum with the surfaces divided into polygonal regions. 


We call the number of vertices, edges and faces of the first surface V,, E,, F, and 
the number of vertices, edges and faces of the second one V,, E,, F,.The resulting 
surface has: 
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Now let’s apply this to the top diagram on the previous page. Every time we 
make a connected sum we have to subtract 2. If we take g toruses we have to do 


(g—1) connected sums. Therefore, 
X=0+0+...+0-2-2-...-2=-2 (g—1) =-2g+2, 


where we have added 0's (one for each torus) and -2s (one for each connected sum). 
This formula directly relates the Euler-Poincaré characteristic with the genus of 
the surface. 


Fundamental polygons 


The torus may be described as a square with sides that are identified (joined) in 
pairs, We are going to see that a surface with a genus of g may also be described as 
a polygon with identified sides. This is known as the fundamental polygon associated 
to the surface. 

To do so, we are going to assume that we have two toruses drawn as squares and 
that we want to carry out a connected sum. We will remove two disks, but we will 
choose them in such a way that they touch the point that is the vertex of the square 
(for their identification, in the top diagram on the next page the disks are grey). 
Deforming it we get two pentagons, which must be joined along the boundary of 
the disks each boundary is marked with the letter C. Joining along C gives us an 
octagon, whose sides are identified as indicated in that diagram. 

If we do more connected sums we get, for the surface with a genus of g,a polygon 
with 4¢ sides, with the sides identified in pairs. The Euler—Poincaré characteristic 
also arises here, as the surface only has one face, one vertex and 2g edges: F=1, 
V=1, E=2g. Therefore X=2—-2g. 


71 


SURFACE TOPOLOGY 


A, A, 
B, BeBe © 
A A 


B. 


2 


A connected sum of 3 toruses. We get an octagon with identified sides. 


In the case of the surface with genus g, can we carry out the process which we 
followed with the square in the diagram on page 44 to obtain the torus? It is certainly 
possible. If we take an octagon made with a very flexible material and stretch it as 
we need to, we can join along sides A), A,, B,, B,, such that we get a surface with 
a genus of 2. The eight vertices of the octagon come together at the same point 
(they are identified in the model). This is why in the elastic deformation we have 
to stretch the vertices a little to achieve a pointed shape. 


Joining the two sides of the octagon to obtain a surface with a genus of 2. 
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If we place Squarina on vertex P, her body will be divided into eight sections 
in the model, but on its surface she will be in one piece. 


The theorem of the classification of surfaces 


The orientable compact (without boundaries) surfaces are the following: 
—The sphere; with a genus of g=0. 


— The torus; with a genus of g= 1. 
—The connected sums of g toruses; they have a genus of g2 2. 


In shorter terms, we consider a sphere and take an integer number g20. We 
carry out a connected sum of g handles on the sphere. The resulting surface has a 


genus of g. The theorem of the classification of surfaces states that the complete list 
of surfaces is given by these. 


ef 
ae 


A highly tangled surface. 


E] 


The Euler—Poincaré characteristic of the surface with a genus of g is ¥ =2—24; 
therefore, the previous surfaces are different. We would have to see that the list is 
complete, in other words, that there are no surfaces other than the previous ones. 
Equally, all compact orientable surfaces (as unusual as the method with which we 
have arrived at them may seem or as strange as it my be) are homeomorphic to a 
surface on the list. Let’s consider this fact for a moment. A surface may seem very 
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strange. For example, it could be in three-dimensional space and have many nooks 
and crannies or it could be very knotted; or, we may have been given a polygon 
with identified sides in an unusual way; or it could be that they have come up with a 
new method of arriving at a surface. What we have to demonstrate is that, whatever 
the case, if we calculate the Euler-Poincaré characteristic of that surface S, %, and 
find the number g that resolves X¥ =2—2,, then, firstly, g is an integer and g>0, and 
secondly, the surface S is homeomorphic to the list’s corresponding surface with a 
genus of g, It is certainly not a trivial matter! 

To finish, note that the theorem of classification of surfaces allows us to follow 
the procedure that is required in point 3 of the classification problem, since the 
calculation of the Euler—Poincaré can be performed with a workable procedure, 
and that the characteristics of Euler—Poincaré gives us the genus. 


ARNOLD AND EDUCATION 
es as a ee ee 


Russian mathematician Vladimir Arnold (1937-2010), famous for his many contributions in 
various areas of mathematics, showed a great concern for the way in which this science is 
taught. In the text On Teaching Mathematics (available at pauli,uni-muenster.de/~munsteg/ 
arnold. html) he is very critical of the axiomatic way of teaching mathematics that predominates, 
and he champions a method of teaching which is closer to the real-life problems that lead us 
to consider mathematics in the first place (many of them from physics or geometry), Among 
other things, Arnold states that: “The theorem of classification of surfaces is a top-class math- 
ematical achievement, comparable with the discovery of America or X rays. This is a genuine 
discovery of mathematical natural science and it is even difficult to say whether the fact itself 
is more attributable to physics or to mathematics.” He also says: “The theorem of classification 
of surfaces should have been included in high school mathematics courses (probably, without 
the proof) but for some reason is not included even in university-level mathematics courses,” 
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Geometry in Flatland 


Geometry (from the Greek, geo, ‘earth’, and metro, ‘to measure’) is the branch of 
mathematics that studies the properties of spaces when it makes sense to carry out 
metric measurements — distances, angles, sizes. Geometry is one of the most ancient 
branches of science. It was given axiomatic form by Euclid in around the 3rd century 
BC. Since then it has been developed enormously, guided, above all, by the need to 
study the movements of the celestial bodies. 

After Euclid, and for nearly two thousand years, the geometric properties of 
flat and spatial figures were studied, but always with the implied concept of space. 
Space was assumed to be infinite in all directions and completely extendible. This 
uision was abolished by the revolutionary discovery of non-Euclidean geometry by 
Gauss (who never published his work), Bolyai and Lobachevski. Since then Euclidean 


space has been understood as ‘one’ of the possible spaces in which geometry can be 


BERNHARD RIEMANN (1826-1866) 


In 1853, Carl Friedrich Gauss asked a student of his, Riemann to prepare his Habilitation (the 
exam for obtaining the highest academic scholarly qualification in Germany) on the foun- 
dations of geometry. Riemann developed his theory 
on ‘spaces in higher dimensions’ over rany months. 
He finally gave a lecture in Géttingen in 1854, stir- 
ring great excitement among the audience with one 
of the most influential works in the history of geom- 
etry. This led to the birth of Riemannian geometry. 
Riemann had found the correct way to extend the 
geometry that Gauss had developed for surfaces to 
any dimension. Perhaps the most impressed of all with 
this discovery was Gauss himself, as reported by his 


collaborator Wilhelm Weber. 
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carried out, and grounds for practising it in other types of spaces have been exposed. 
The formalisation of this idea came from Riemannian geometry, in which a space 
is considered together with the way in which metric measurements are carried out 
in it. In fact, this theory resulted in the subsequent crucial development of Einstein's 
general theory of relativity. 

Geometry studies the ‘local shape’ of spaces. By this we mean that the metric 
properties determine the shape in a small area of the place we are in — properties 
such as what circles, straight lines, etc., are like when they are drawn within the 
space. Meanwhile, topological properties determine its ‘global shape’, that is, what 
the space is like when it is considered as a whole (with properties such as being 


compact or orientable), 


A triangle immersed in a saddle-shape plane (a hyperbolic paraboloid), 
along with two diverging ultra-parallel lines 


The geometricians of Flatland 


The theorem of the classification of surfaces was a true revolution in Flatland. The 
University of Flatdon’s Topology Department had managed to create an inventory 
of all the different possible shapes of Flatland. And that is not all, it had also come 
up with an explicit criterion for finding out which of the options was correct in 
practice — by calculating its Euler—Poincaré characteristic. It is true that they had 
assumed various properties, but they were not particularly problematic. Let’s go 
over them again: 


— Flatland has no boundaries; in other words, it is unlimited. This property is 
to be expected. If there were a boundary, what would happen if we reached 
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it? Would we fall off or would we disappear? And where to? Also, nobody 
had ever seen anything that looked like it could be a boundary, not even the 
intrepid Squarina and her team of explorers. 

— Flatland is compact and, therefore, finite (by extension). This property is 
somewhat more controversial. At first it was believed that Flatland could be 
an infinite plane, but that idea was rejected after the famous expeditions. The 
argument in favour of the finiteness was supported by the idea of ‘existential 
relevance’, which went like this: “If we think that we Flatlanders are a small 
group of beings, and the world around us is finite, then we are ‘nothing’, lost 
in the immenseness of our Universe.” (In mathematics we write this using 
the formula 1/c = 0.) We should recognise that this argument is rather 
mystical: “Whoever made our world cannot have made us so insignificant.” 
It is surprising that this argument was supported by an agnostic scientist such 
as Pentag. But, in fact, the idea struck a chord with the Flatlanders, and it was 
adopted by the ecclesiastical sector formed by the Circles of Flatland. The last 
critics of the theory of Flatland’s finiteness (among whom was Equilaterus) 
were forced to abandon their position after Squarina’s two expeditions, It 
would have been quite a coincidence if Flatland was not finite, but those two 
journeys both returned to the starting point! 

— Flatland is orientable. Orientability was a subject that nobody had thought 
of before the whole ‘topological revolution’, But, having understood what it 
consisted of and the influence it would have, it began to be postulated that 
Flatland was orientable for reasons that also showed a psychological preference. 
The Flatlanders have their eye on the right, and this makes them very aware 
of the difference between right and left. Assuming that the world was not 
orientable was like saying that these concepts did not make sense, and that in 
a certain place somewhere (which is ‘accessible’ by travelling) right and left 
are exchanged, which was not tenable. But, also, orientability was backed-up 
by Squarina’s two trips: She always came back ‘the right way round’, and not 
‘back-to-front’. Obviously, they should make more trips to prove this fact, 
but at least these two meant a 100% corroboration in the trips made so far. 


Therefore, the theorem of the classification of surfaces told them that it would be 


sufficient to calculate the Euler—Poincaré characteristic in order to determine what 
Flatland was like. Squarina’s trips had shown that it was not spherical; therefore, it 
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is a surface with a genus of g, where g>1. In order to calculate the Euler—Poincaré 
characteristic, it would be ‘enough’ to travel the entire territory of Flatland and 
create an atlas of its surface. But it was seen immediately that this was impractical: 
a team of 200 or more Flatlanders would take some 80 years to explore the entire 
territory. That left the problem at a dead-end. 


BORGES’ MAP 


The following mini-tale by Borges (from his book The Doer, 1960) fantasises about what a map 
would be like on a real scale. Borges presents it as a quote that he attributes to a book bya 
Suarez de Miranda, but this is all part of the game; one of the things Borges most loved was 
to invent quotes here, there and everywhere: 


On the exactitude of science 

In that Empire, the Art of Cartography attained such Perfection that the map of a single Prov- 
ince occupied the entirety of a City, and the map of the Empire, the entirety of a Province. In 
time, those Unconscionable Maps no longer satisfied, and the Cartographers Guilds struck a 
Map of the Empire whose size was that of the Empire, and which coincided point for point 
with it. The following Generations, who were not so fond of the Study of Cartography as their 
Forebears had been, saw that that vast Map was Useless, and not without some Pitilessness 
was it, that they delivered it up to the Inclemencies of Sun and Winters. In the Deserts of the 
West, still today, there are tattered Ruins of that Map, inhabited by Animals and Beggars; in all 
the Land there is no other Relic of the Disciplines of Geography. 

ees 


The way out of this situation would come from another area of mathematics: 
geometry. The geometricians of Flatland were a small group who studied the properties 
of flat shapes: triangles, polygons, circles. All of them were the shapes of the Flatlanders, 
which meant that geometry and anatomy were closely related disciplines. The geometry 
studied in Flatland was basically Euclidean, Straight lines could be drawn on the plane 
and angles measured. There was a notion of perpendicularity (when the angle between 
two straight lines which intersect is 90°) and of parallelism (when two straight lines 
do not intersect). The development of this ‘Flatland geometry’ was limited to the two 
dimensions, as its purpose was to make it fit with, explain and axiomatise reality. Among 
the postulates of the theory was one which is very well known: 
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The postulate of parallelism (of the geometry of Flatland): 
Through a point Q outside a straight line », one — and only one — line parallel to 


rcan be drawn. 


o 


A parallel line is a straight line that does not intersect another. If we draw a line 


from Q which is perpendicular to r, which we call s, and we then draw a straight 
line t perpendicular to s through Q, then t and r will not intersect. Clearly, if the line 
parallel to r through Q, which exists according to the postulate, were a straight line r' 
whose angle with s were not 90°, its reflection t" would also be parallel, contradicting 
the postulate on parallelism itself. Therefore, the line parallel to ris t. 


The right-hand example, where o.#90°, 
violates the parallel lines postulate. 


In fact, parallel lines ¢ and r maintain a constant distance from each other. If we 
take another point P' on rand Q' on t, with P'Q' perpendicular to r, again P'Q' is 
perpendicular to ¢ (because t is also the only line parallel to r through Q‘). Thus, we 
get a rectangle PP'QQ'. In a rectangle, the opposite sides are equal. If it were the 
case that P'Q'< PQ, we would draw a symmetrical rectangle, creating a symmetry 
by exchanging P and P'.We would obtain the following drawing: 


79 


GEOMETRY IN FLATLAND. 


Q Q —— = 
t R'~# Ss Q' 
r 

P. Pt Pp Z Pp 


This rectangle has vertices PP' RR'. Straight lines ¢ (which contains the segment 
QQ) and t' (which contains the segment RR’) are parallel to r, but they have to be 
forcefully intersected at point S. Therefore, there are two lines parallel to r through 
S, which — again — violates the postulate. 

We have concluded that in a rectangle PQP'Q' the opposite sides are the same 
length. Drawing diagonal line PQ', gives us that the triangles PP'Q' and PQQ' are 
equal (as their sides are equal). Therefore they have equal angles (labelled with the 
letter & in the diagram). 


The internal angles with which a straight line intersects two parallel lines are equal, 
From here we get the results that are well known by all of us, such as that the 
sum of the angles in a triangle is 180°. Take a triangle ABC. Let's draw the straight 
line BC through A.The drawing clearly shows that «+B +y= 180°: 
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Numerous results like this had already been deduced by the geometricians in 
Flatland. But recently there had been few advances, and geometry had become a 
discipline for circumspect individuals, who did not enjoy a great reputation like 
scientists. 

Rhombius was one of those geometricians. He had noticed that the parallel lines 
postulate was flawed. It supposed that straight lines could be indefinitely extended, 
and that in that extension the properties seen on a small scale were also valid over 


long distances. For this to be true space had to be an indefinite expanse. In other 
words, Flatland had to be a plane. 


EUCLID’S ELEMENTS OF GEOMETRY 


Until just 200 years ago, geometry in Europe and the Islamic world was based on Greek 


geometry. Euclid’s Elements was one of the most important texts on geometry, and in it 
geometry was presented from an axiomatic point of view, using constructive methods, The 
treatise is not, as it is sometimes thought, a complete compendium of the Hellenic mathematics 
‘on geometry, rather an elemental introduction to it. Euclid himself wrote eight more advanced 
books on geometry. In fact, the Elements was not the first treatise on geometry from that era 
(although the previous texts have been lost), and many of its results were known previously. 
Itis considered one of the most influential books published in history. It was one of the first books 
on mathematics printed after the invention of printing, and some historians estimate that it is the 
book with the second most editions, only the Bible having more. 


A papyrus with a fragment of the Elements, dated around 100 ac. 
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Spherical geometry 


When Squarina made her journeys around Flatland, the theory of the planar and 
infinite space crumbled. But while Squarina’s journeys and the topological results 
were widely broadcast to the public by the Flatland media, Rhombius’s comments 
on the consequences of this for the postulate of the parallels went completely 
unnoticed. Without the infinity of Flatland, the parallel lines postulate could not 
be true, and without it many of the results that were deduced from it fell apart, as 
obvious as this may seem to us. 

Remember that after Squarina’s first trip, the predominant idea was that Flatland 
was probably a sphere (as suggested by Pentag). Rhombius thought hard about what 
the geometry of such a space might be like. Let’s suppose that Flatland is a sphere. We 
put ourselves at point P and move in a straight line (in any direction). After travelling 
a distance d we arrive at the antipode P', and after the distance 2d we return to 
the start point. The same thing happens in any direction. Therefore, we can depict 
Flatland as a disk with a radius of d, where the edge is the antipode. 


Pp 


ee 


The disk as a model of the sphere, with a straight line from P which goes to the antipode P’. 
We can also see the corresponding three-dimensional drawing. 


Therefore, any straight line that passes through P passes through the antipode P'. 
This leads to the intriguing result that two straight lines intersect in two places. Any 
point could have been chosen as the centre. The world must not have had any special 
points. Therefore, all points Q must have an antipode. Rhombius started by finding the 
antipode Q' in his model. We draw straight line P to Q and give that line a distance 
of d.The resulting point Q’ is the antipode of Q: 
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Q' 


Let’s see what happens with the parallel lines postulate. Consider a straight line r 
through P; we draw another one perpendicular to it, s; and from a point Q on s we 
draw a perpendicular straight line f. This straight line, like all the straight lines on 
the sphere, must pass through the antipode of each of its points, in this case through 
Q', having travelled a distance of d. In other words, we get the following drawing. 


Q' 


Given a straight line t, we draw the straight line t as a potential parallel to it. However, 
t and t approach one another until they intersect (at two points). If we look on a small 
scale, in a neighbourhood of P (grey area), the drawing looks Euclidean. On the right we 
can see the two straight lines r and t drawn on the sphere in three-dimensional space. 


Rhombius realised that, on a small scale, the Euclidean drawing was correct, but 
that in reality it was only an approximation, and that on a large scale something very 
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different was happening. Straight lines r and ¢ approach each other in the sense that 
the distance between them decreases, until they intersect (at two antipodal points 
Rand R‘). 

What Rhombius found most difficult to explain was the reason for the straight 
line ¢ not appearing to be straight in the drawing. If it is a straight line, it should 
not be twisted! The problem is that we are looking at the drawing with ‘Euclidean 
eyes’, and with those eyes the straight line looks twisted. But if the geometry does 
not comply with Euclidean properties, the notion of ‘being straight’ and that of 
‘being twisted’ must have a different meaning, which we have to discover. That is 
the role of geometry. 

We humans can resort to drawing the sphere in three-dimensional space to 
understand what is happening. Painting the sphere as a disk (something which 
Rhombius was forced to do because his world was two-dimensional), we have to 
stretch and shrink areas of the sphere. This produces a distortion that makes the 
straight lines appear twisted in the drawing.The distortion does not occur on a small 
scale, and that is why the Flatlanders thought that ¢ and r would never intersect. 
However, on a global scale, the straight lines intersected. 

The key to understanding is in reviewing what we mean by the word ‘straight’ 
as something that we all understand, and not leaving it up in the air as an undefined 
concept.A straight line is the shortest route between two points. With this definition, 
what Rhombius had proved is that in the sphere straight lines always intersect and that, 
therefore, there could be no line parallel to a straight line through a point exterior to it. 

Looking at the surface of the three-dimensional world, the shortest route between 
two points is achieved by placing a piece of string from one to the other on the 
surface, and tensing it so that it obtains the minimum length. 

What happens to the angles of a triangle? Their sum is greater than 180°. All we 
have to do is consider triangle PQR in the bottom diagram on the previous page, 
where R is the intersection point of straight lines r and ¢. It has two 90° angles and 
one other angle. However small the last angle is, the total must be more than 180°. 

The most surprising thing is that the excess of the sum of the angles with respect 
to 180° is ‘proportional’ to its area. Mathematically, we would write 


a+ B+y-180° = Constant -Area. 


That means that if the sum of the angles in a triangle is 182°, another with double 
the area has a total of 184°, and one with ten times the area has a total of 200°. Our 
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friend Rhombius proved this as follows. We take a triangle ABC and divide it into 
two, APC and BPC, as shown in the following diagram: 


B 
aes 


A 


(ej 


LD 
A 


The sum of the angles in APC is a, + B, + Y,,and the sum of the angles in BPC 
is &,+B,+y¥,. Also, the angles in ABC are «=0.,, B=, and y=y,+ ¥, . And also 
o.,+ B, = 180°. Therefore, we are left with: 


(o., +B, + ¥,-180°) + (a, + B, + ¥,-180°) = a+ B+ y-180°, 


which is the excess corresponding to 180° from the adding of the angles of ABC. Thus, 
if the areas are added, the excesses are added, from where the aforementioned 
proportionality is obtained. 

Note the great importance of the formula which we have obtained for adding 
the angles in a spherical triangle: 


a+B+y=180°+k-Area, 


where k is a positive constant. 

The fact is that the same formula is valid for the plane, where k=0! The role 
of the constant k is to define the distortion with respect to the Euclidean situation. 
The larger k is, the greater the sum of the angles of a triangle and, therefore, the 
more the straight lines ‘curve’ — although we should avoid this terminology as, 
by definition, straight lines do not curve at all. This is why Rhombius called this 
constant ‘curvature’. To be more specific, as we mathematicians measure angles in 
radians, he called 

K=k-1/ 180, 
curvature, and the resultant formula was: 
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a+ B+y=180° + K-Area:180°/7. 


Another important consequence obtained from the above formula is that we cannot 
have a triangle of any size; p as an angle cannot exceed 360°, the sum of three angles 
cannot exceed a certain limiting quantity (3-360°= 1,080°). Therefore, the area 
cannot exceed a certain limiting quantity either (which depends on K, of course). 
This prevents a triangle from being made that is similar to another. (Remember 
that two triangles are similar if they have the same angles, but the sides of the second 
are those of the first multiplied by a certain factor). Of course, if it were possible 
to create similar triangles, this would allow us to create increasingly larger triangles 
and exceed the area’s upper limit. 

The difference between Euclidean geometry and non-Euclidean geometry lies in 
the fact that the former has homothety. This allows the lengths and areas of shapes to 
be enlarged while maintaining the same angles. We have just seen that when K>0, 
this is not possible. However, the great treatise Geometry in Spherical Flatland, which 
Rhombius was writing after Squarina’s first journey, was never published. When 
Squarina returned from her second journey, it was clear that Flatland was not a sphere, 
and Rhombius’s text was relegated to a drawer. Such is the tough luck of a scientist. 


DEGREES AND RADIANS 


The radian is the unit of angle in the International System of Units, and it is the unit of 
measurement of angles preferred by mathematicians and physicists. Its symbol is rad. One 
radian is defined as the angle given by an arc the length of which coincides with the radius. 


For a circle with a radius of R=1, the length of the circumference is 2m=6,283185. 
This means that the complete angle (360°) has 2m rad. Therefore, 360°=2 rad, and 


1 rad= 360°/2n=57.296°. To convert from angles to radians, we multiply by /180. 
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Rhombius understood that Flatland had to be a more general space than those 
he had been studying, and he came up with the idea that the curvature K was not 
a constant, but it changed from point to point and, on top of this, that it could also 
be positive or negative. Thus, the sum of the angles of a triangle would depend on 
the place we drew it. Also, the sum would be greater than 180° if the curvature were 


positive, K>0, or less than 180° if it were negative, K<0. 


Intrinsic and extrinsic geometry 


In order to understand geometric matters related to surfaces we can, again, take 
advantage of our intuition as beings in a three-dimensional world, Consider a surface 
Sand imagine that we are standing on that surface, and that we can walk its length 
and breadth. 

Unlike a Flatlander, we can look in three different directions: we can look 
backwards and forwards and to the sides, but we can also look up, in the direction 
perpendicular to the surface. The perpendicular direction is commonly called the 
normal vector. However, a Flatlander can only look in two directions, backwards and 


forwards and to the sides, and is not aware of the normal direction. 


a \ 


A person and a Flatlander on the surface S. The former can look in the normal direction, 
something that the latter cannot do as he is two-dimensional. 


On the surface, among other things, we can: 


— Measure angles. 
— Measure distances and draw ‘straight lines’. A ‘segment’ which joins two 
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points P and Q will be the shortest curve ‘on the surface’ which passes 
through two points. This line is normally called geodesic. The length of the 
segment on S is the distance from P to Q, which is written d(P,Q) (if there 
were several routes we would consider the shortest of them). 

— Draw circles — a series of points at a fixed distance from a given point (the 


centre of the circle), 


Both we and the Flatlanders can do all of these. The ‘geometry’ of the surface 
gives us the properties of the figures we draw on it. For example, two ‘straight 
lines’ on S may tend to separate, or approach one another, depending on the 
surface. 

All geometrical notions that can be perceived ‘from within’ the surface are called 
intrinsic geometry, that is, those geometrical properties that a Flatlander can study (for 
example, taking measurements). All geometrical notions that can be studied by a 
being who lives in ambient (three-dimensional) space and who sees the surface from 
the outside (for example, walking on it) are called extrinsic geometry. 

But a surface does not have to be in a three-dimensional world. We have already 
seen that the Klein bottle or the projective plane were never in three-dimensional 
space. In principle, a surface is a two-dimensional world and is defined as such, 
without reference to any exterior world or any normal direction, In fact, the 
Flatlanders understand surfaces in this way. In the case of a surface it only makes 
sense to talk of its intrinsic geometry. 


lsometry 


From a geometric point of view, we say that the two surfaces are equivalent if a 
Flatlander cannot tell them apart with any kind of geometric test. In other words, 
if they have the same intrinsic geometry. 

We can imagine the following experiment. We construct surface S with 
a very fine sheet of rigid material which cannot be stretched or contracted, 
but which does allow twisting. An example of this situation would be taking 
a sheet of paper and rolling it into the shape of a cylinder or a cone. We can 
create another practical example with a rubber beach ball by cutting a piece 
from it with scissors: the resulting piece of rubber is spherical, but it allows 
‘rigid deformations’. 
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2-9-2 


A piece of a (spherical) rubber ball can be ‘rolled up’ to take on a new shape, which is 
isometric to the original one. A Flatlander would not be able to tell the difference. 


Any geometric shape (circle, triangle, etc.) which we draw on the surface before 
and after the ‘rigid transformation’ discussed above has the same angles and distances. 
Therefore, a Flatlander who moves within the surface would not be able to tell them 
apart. Only three dimensional beings can tell the difference between these surfaces, 
and this is due to the fact that the normal vector behaves differently. 


a 


With a piece of paper (Euclidean plane) we can make a cone, which is, therefore, isometric to it. 
The sides of a polygon and their angles remain the same. A straight line on the plane becomes a 
geodesic line (the equivalent of a straight line) on the cone. 


In mathematics, the above-mentioned rigid deformation is called isometry 
(from the Greek iso, ‘same’, and metria, ‘measuring’). Isometry is, therefore, 
a ‘correspondence’ h of a surface S to another surface S', which is written as 
h:S—S'.A point P of S ‘corresponds’ to a point P' of S'. We write P'=h(P). 
The correspondence is bijective, that is, one and only one point of S corresponds 
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to each point of S' and vice versa. Also, h distances and angles are preserved. If 
P and Q are two points of S, and P' and Q' are the corresponding points of S', 
then d (P,Q) =d(P',Q’). Therefore, all figures which we draw on S correspond to 
a figure on S' with the same geometric elements. 


CUT-OUTS 


Surfaces that are isometric to the plane are those that can be constructed by cutting a piece 


of paper up and then joining the edges in some way; the cylinder and the cone are examples. 
These surfaces are called developable surfaces. The good old cut-outs that we all played with 
when we were children have to be designed such that each of the pieces can be opened out 


onto the plane. Therefore, all their parts are developable surfaces. 


Geometry versus topology 


Let’s review the differences between the geometry and topology of a surface. 


Geometry 


Imagine a surface constructed from a fine metal mesh formed by small quadrilaterals 
whose sides (which may differ in size) are made of wire and are joined by mobile 
links. Or, better still, imagine a surface that is formed by a collection of atoms (think 
of them as tiny balls) that they are joined together by atomic bonds that keep them 
at a set distance apart. 
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Surface constructed from a mesh. 


On this surface we can measure distances between points along the length of the 
small squares. Now we can deform the surface in space. The deformation cannot 
modify the distance between the links, as these distances are determined by the 
length of the wire (or bond) and they do not undergo variations, We call this kind 
of deformation rigid. When we apply rigid deformation, the distance between the 
points does not vary. 

The (intrinsic) geometric points are those that do not vary when we make rigid 
deformations of the surface (these are distances, angles, geodesic lines etc). Two surfaces 
are isometric if you can get from one to the other by means of rigid deformation. The 
process of cutting, applying a rigid deformation, and then joining is also allowed, as long 
as we join in the same place where we made the cut (meaning that a two-dimensional 
being would not notice any effect of this procedure). 


Topology 


Now imagine a surface constructed with a fine elastic mesh, where the wires have 
been substituted with small elastic bands (which can be stretched or contracted). 
The links cannot be broken, no matter how much we stretch them. In practice, we 
can think of an elastic surface, which is basically the same thing. 

Topological properties are those that do not change when we stretch and contract 
the surface (for example, the number of holes or the orientability). Two surfaces are 
homeomorphic if you can get from one to the other by means of elastic deformation. 
Again, the process of cutting, applying an elastic deformation and then joining in 
the same place where we made the cut is allowed. 

Now we have two different classification problems: classifying surfaces 


topologically (except for homeomorphism) and classifying them geometrically 
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(except for isometry). The classification is going to be different. For example, a 
sphere can admit many different geometries — just think of all the different radii it 


can have — or that it can be a round or squashed sphere or have multiple hollows. 


Curvature 


Let's suppose we have a surface in three-dimensional space, and that we put ourselves 
at point P on it. If we move in a direction on the surface, we notice how it curves 
in that direction. To do this we can draw the normal vector and see how quickly it 
moves as we walk in the chosen direction. 

Alternatively, we can do the following. We place a wheelbarrow on the surface 
and lie in it looking at the zenith. Let’s say we have a starry sky. As the wheelbarrow 
moves in a given direction, the sky ‘moves’ faster or slower (in fact, we only measure 
the variation forwards and backwards). The velocity of the variation is called directional 
curvature, and it is given by the number k. On the other hand, a Flatlander cannot 
look at the starry sky. In fact, they would not notice the effect of the curvature, as 
their body describes a curve on the surface along which they move. 

From any point P there are two directions on the surface when directional 
curvature reaches its maximum and minimum values. These two directions 
are perpendicular, and they are called principal directions, Principal curvatures 
are, therefore, two numbers k, k, which indicate the maximum and minimum 
directional curvature through P. It is important to understand that k, and k, have a 
sign, which is positive if the curve that corresponds to it ‘curves’ towards the zenith, 
and is negative if it curves away from it. If we think of the surface as the side of 
a mountain, then k,=0 means that we are going up (or down) the mountainside 
at a constant velocity. If we have k,>0, then our rate of climb is increasing as we 
walk (or if we are going down, we go down increasingly slowly with a tendency 
to go up again eventually). Finally, if k, <0, the opposite is true. If we are going up, 
we do so increasingly slowly, and if we are going down, we increasingly accelerate 
our descent. So: 


— If k,, k,>0, S curves towards the zenith in the two principal directions. 
Therefore, the surface is valley-shaped. 

—If k,, k,<0, S curves downwards in the two principal directions, and is hill- 
shaped. 


92 


GEOMETRY IN FLATLAND 


=f ik,>0, k,<0, S curves upwards in one direction and downwards in the 
perpendicular direction. This shape is commonly called a saddle. 

— Finally, if k,=0, k,<0, then S is shaped like a mountainside. If k,=0, k,=0, 
then S is basically flat. And ifk, =0,k,>0, then we are in a canyon (or gorge). 


W/E i 


k,>0 k,<0 k,>0 
k,>0 k,<0 k,<0 


Principal curvatures and the shape of the surface. 


CENTRIFUGAL FORCE 


When we go round a corner we experience a 
lateral force towards the outside that is called 
centrifugal force. This force is inversely pro- 
portional to the curve's radius of curvature, in 
other words, to the radius of the circle which 
the curve is part of (which is called the os- 
culating circle). The curvature of the curve is 
k=1/R, where R is the radius of the curve. 
The centrifugal force is a consequence of the 
physics of curvature. The tighter the curve, 
the lower the value of R and the greater the 


curvature and, therefore, the centrifugal 
force. Roads designed to avoid the conse- 
quences of this effect have a camber, that is, the outer part of the curve is elevated to stop the 
car from leaving the road on that side. 
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Principal curvatures are notions of extrinsic geometry. The product of k, and k, 
is called Gauss curvature, 


The most surprising thing, which was demonstrated by Gauss, is that K is an 
intrinsic geometric notion. This result is called Gauss’s theorema egregium (the adjective 
‘egregious’ in this context means ‘distinguished, eminent’— although a more modern 
usage implies the opposite (e.g. shockingly bad). 

The fact that the curvature K is intrinsic means that it does not change with rigid 
deformations. The justification is that if we take a piece of the surface (imagine it as 
a wire mesh) and deform it in one direction, we can increase k,, but this tenses the 
other direction and decreases k,, such that the product K=k,-k, is the same. If we 
change the position of the zenith, that is, if we swap the sky and the ground k, and 
k, simultaneously change sign; therefore, K= k, -k, does not change sign. 


Surfaces where K > 0, K = 0 and K < 0, respectively. 


But the importance of the fact that K is intrinsic actually lies in the fact that 
Rhombius can calculate it from within S. The fact that he can calculate it means that 
he can make geometric measurements and, with the data obtained, apply a formula 
to obtain K. The formula that Rhombius ‘cannot apply’ is K=k,-k,, because to do 
so he would need to know the values of k, and k,, which are extrinsic properties. 
Therefore, there must be another formula for K, even though there is not one for 
k, and k,. And, in fact, Gauss found it, but it is a little long to include here. 


The Gauss—Bonnet theorem 


Is there a faster method for finding the curvature? Rhombius had already come 
across curvature in his study of the angles of a triangle. Let’s look at a point P on 
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surface S. If we draw a small triangle ABC near P and measure its angles a, B, y, 
then the expression 


= (a+B+y-180) mn 
Area 180 


K 


is, in fact, the same number as the Gauss curvature in the previous section. The fac- 
tor 1/180 converts the degrees into radians, which are the units that we mathema- 
ticians always use to measure angles. The expression for K becomes more accurate 
as our chosen triangle gets smaller (in mathematical terms, we say we have to pass 
to the limit). 


The Gauss—Bonnet theorem (version 1, for triangles): 
The excess of the sum of the angles of a triangle, measured in radians, is equal 
to the curvature multiplied by the area of the triangle. 


When we take larger polygons, we can also carry out a similar calculation based on 
dividing the region into small triangles. 

We draw a polygon (as large as we want), and let n be its number of sides. 
Therefore, it also has n angles, which we write ©,,0,,... ,04,. If it was a flat polygon, 


the formula for the sum of its angles would be 
a, +0, +... +0, =180-(n—2). 


But on surface S it is a very different story because of the curvature. Let’s see 
which is the correct formula. We divide the polygon into multiple small triangles 
T,; let’s say there are N of them. In each small triangle T; we have its angles o, , ,, 
Y its area A, and its curvature K, (the curvature changes from one small triangle 
to the next). 


A polygon divided into triangles 
with the angles shown. 
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Now we add all the formulae: 


o,+B,+y,= 1goe tc hc Bs deli 
TT 
We are left with the sum of all the angles of all the vertices of all the triangles 
(see the figure on the previous page). Let's count how many vertices there are. 
There are three types. Those at the bottom of the polygon, which we will call J, 
those at the edge of the polygon which will be B, and those which are vertices of 
the polygon, which we already know are n.The sum gives: 


3601 +180B +0, +0, +...+0, = 1s0N+122.5 4 ‘K,. 
ky Tw 


(the symbol & is called ‘summation’; it indicates the sum of all the products A,- K,). 

To continue counting, we need to calculate the number of vertices V, edges E 
and faces F in the diagram. 

The Euler-Poincaré characteristic of the polygon is X=V—E+F=1, as it is 
homeomorphic to a triangle, and the triangle’s characteristic equals 1. Now, the 
number of vertices is V= 1+B-+n (including those on the inside, those on the edge 
and those of the polygon). The number of faces is F= N, obviously. The number of 
edges is more complicated. Each triangle contributes 3N, but those on the interior 
are counted twice for each one, and those on the edge (which are B+ n), just once: 
So we get E= (3N-B~n)/2+(B+n). Putting it all together gives: 


1=X%=V-E+F=I+B+n—-(3N-—B-n)/2-(B+n)+N. 


From here we can deduce N and we get N= 21+ B +n—2. Substituting into the 


previous formula: 
3601+180B +c, +0, +... +0, =180(21+B + n—2) +E A,-K-180/n. 
Here 360] and 180 B cancel out, giving: 
O, +0, +... +O, =180(n—2) +2 A,- K,-180/n. 


The expression £ A, -K, gives us the contributions of the curvature weighted 
according to the size of each small triangle. This expression is the integral of the 
curvature of polygon P: 

LAK =), K. 
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INTEGRALS 


Integrals are, together with differentials, one of the most important concepts in calculus. The 
symbol for an integral, J, is a stretched ‘S’, and it means sum. The integral is used to do a 
continuous sum, that is adding an infinite number of infinitely small elements. It was intro- 
duced by Riemann, and in calculus courses it is taught as the opposite process to differentials. 
The integral of a function y=f(x) in an interval [a,b] calculates the (signed) area between axis x, 
the graph of the function and straight vertical lines x=a, x=b. The value ie f(x) dx is reached 
by approximating the area with a sum of rectangles and making the base of those rectangles 


increasingly smaller (thus formalising the idea that the resulting value is a continuous sum). 


The integral J, K ‘adds’ the contributions of the curvature at various points of 
P. Therefore, if K,, is the ‘measured curvature’ at P, then, 


J, K=K,; Area (P). 


Our formula is now: 
O, +0, +... +0, =180(n—2) + (J, K)-180/m = 180 (n—2) + K, -Area(P)-180/m. 
The Gauss—Bonnet theorem (version 2, for polygons): 


The excess of the sum of the angles of a polygon, measured in radians, is equal 
to the curvature multiplied by the area of the polygon. 


97 


GEOMETRY IN FLATLAND. 


We are going to create a third version of the Gauss—Bonnet theorem. In this 
case, we take a surface S which is compact and boundaryless.We divide S into small 
triangles T,, as before. Now all the vertices are interior, V= I. There are F= N tri- 
angles and we have E=3N/2 edges. The Euler-Poincaré characteristic gives us 
X(S) =I-3 N/2+ N=I-N/2. Adding all the formulae together, 


o,+B,+y7,=180+A,-K,-180/n, 
gives us 
3601=180 N+ (JK): 180/n= 180 N+ K, Area (S)-180/1. 
And, therefore, 
K,, Area (S) = (3601-180 N) -m/180=2nX (S). 


The Gauss—Bonnet theorem links the surface’s geometry to its topology. In 
other words, it relates the local shape to the global shape of the space. It states that, 
although the curvature can be varied by changing the geometry of the surface (by 
elastic deformation), the value of the integral of the curvature cannot change, and 
always gives us the Euler—Poincaré characteristic of S. 


ag 
ee 


Two spheres, the first with constant curvature 1, the second with variable curvature. 
Let’s assume that both have the same area, that is 4m ?= 4m. The Gauss-Bonnet theorem 
states that both have the same average curvature K,,=1. 


The Gauss—Bonnet theorem (version 3, for compact, boundaryless surfaces): 
The Euler—Poincaré characteristic multiplied by 2m is equal to the curvature 
multiplied by the area of the surface. 
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THE LENGTH OF CIRCUMFERENCES 


Curvature also affects the length of circumferences on a surface. The normal formula for 
the length of a circumference (on the Euclidean plane) is /=2 mr, where ris the radius. On a 
surface with a curvature of K, the length of a circumference with a radius r and centre P is, 
approximately, 

J=2n(r-K(P)r3/6). 
Therefore, if the curvature is K>0, then the length of a circumference with a radius ris /<27mr, 
and if K<0, then />2mr. 


LS A 


Homogeneity and isotropy 


Let’s head back to Flatland. The geometric concepts studied by the School of 
Geometry are ‘local’ concepts. That is to say they give information on a small scale, 
in the neighbourhood of wherever we might be. This is why the idea of Euclidean 
geometry had prevailed (on a small scale Flatland seems Euclidean), However, the 
matter of the shape of Flatland is a ‘global’ concept; it refers to the totality of space. 
It was Rhombius, when putting both concepts together, who realised that something 
did not add up. And this led him to think that the geometry of Flatland could not 
be Euclidean after all. 

The local/global dichotomy is of great importance in geometry and topology. 
The Gauss—Bonnet theorem expresses a bridge between local and global study. 
And it allowed Rhombius and his colleagues to understand the global shape of 
Flatland without travelling all over their world. The calculation of the Euler— 
Poincaré characteristic had now been translated for the calculation of average 
curvature. Of course, the average curve means calculating the curvature in all 
places and then finding the average, which brings us back to the problem of 


travelling all over Flatland. But... is it not logical to assume that the curvature is 
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uniform? In which case, the curvature would always be constant, and the average 
would be that constant. To apply the above studies of Flatland, two suppositions 
naturally arise: 


1.The geometry of Flatland is the same at every point. If we draw a small triangle 
with sides of a, b, cand angles , B, Y, and we move to another point, we could 
transport the triangle such that the dimensions of its sides and angles are 
preserved. The same must be true of any other figure, such as, for example, a 
circle with a radius r.This property is known by the name homogeneity: if P and 
Q are two points, there are two areas U and V, respectively, for which there 
is an isometry h: U V, h(P)=Q. The areas are small pieces of the surface 
that can be understood as the zone that is accessible (visually) to a Flatlander 
from a given point. 

2. The geometry of Flatland is the same in any direction. If we go to any point P 
and look in two different directions, the geometric figures and their properties 
are the same. For example, if we draw a triangle with a vertex at P, we can rotate 
it and the new triangle will have the same sides and angles. Or, for example, if 
we draw a circular sector with an angle and fixed radii and we rotate it, then the 
dimensions of the circular sector stay the same. This property is known by the 


name of isotropy (from the Greek, iso, ‘same’ and tropo, ‘turn’). Mathematically, 
if u, v are two directions on P, there is a neighbourhood U, and an isometry 
h: U U, h(P)=P, h(u) =v. 


A homogeneous surface and an isotropic one. 
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These postulates are local because the isometry refers to small neighbourhoods. 
That is, we are allowed to move or rotate small figures. Philosophically, the problem 
of the postulate of parallels lay in the fact that it was supposed that the figures could 
be made ‘infinitely large’ (indefinitely extending the straight lines). In some ways, it 
is a problem with ‘infinity’. Now we are postulating things on small regions of the 
world, and this problem should not present itself. 

The suppositions of homogeneity and isotropy refer to the ‘whole’ of Flatland 
(even the unvisited areas). These two postulates cannot be proved in practice unless 
the entire territory is visited (in which case the problem of the shape of Flatland 
would already be resolved). But they are very reasonable postulates, they had been 
proved in all the areas visited, and philosophically they make a lot of sense: It is 
assumed that the study of the geometry will be identical in the entire space. 

Also, we continue to be able to transfer figures (translations) and spin them 
(rotations), as we could in Euclidean space. The only operation that we had in 
Euclidean space which is no longer available to us is that of homothety. Homothety 
allows a figure to be drawn which is ‘similar’ to another given one but different 
in size (maintaining the angles and multiplying the dimensions by a set amount). 
This operation is not available to us because we do want to allow the figure to be 
indefinitely enlarged. Remember that on the sphere, the areas of triangles cannot 
be made as large as we want. In fact, the existence of homothety is the equivalent 
to the parallel lines postulate. 

Now let’s look at premises 1 and 2 in more detail. The first postulate implies 
that the curvature coincides at P and at Q. As this property is true of all pairs of 
points, we get that K(P) = K(Q) for all points P,Q. Therefore, the curvature is 
constant and equal everywhere K(P) = K, 


y» Where K, is a constant. 


When the curvature is constant, the space looks the same at all points, In fact, it 
also looks equal in every direction, and the second property follows the first. 

We can also deduce the first property from the second. Suppose that a surface 
looks the same in every direction. Let’s take two close points Q, R and make P the 
midpoint of the segment that joins them. The space looks the same in any direction 
from P; therefore, there is isometry h: U— U,h(P) =P, h(u) =v, with u pointing at 
Qand v pointing at R. Therefore, h (Q) = R.This produces homogeneity. (When the 
points are further apart, we deal with them in several steps — from Q to Q,, from Q, 
to Q,, and so on until reaching R.) 


101 


GEOMETRY IN FLATLAND. 


The isotropy implies the homogeneity. 


Hyperbolic geometry 


Rhombius achieved all this geometric study on his own, in his office, without taking 
part in any expedition. And they say mathematicians do not travel! They do so in 
the world of ideas, where solutions are to be found. 

The next step was entirely natural. The geometry of Flatland must have a constant 
curvature. The case K=0 was the Euclidean plane, and the case K>0 was the sphere, 
which Rhombius had studied in such detail. But, what would happen if K< 0? 

Hyperbolic geometry is that which is practised on a surface with a constant 
negative curvature; K=— 1 tends to be used. It also has a model which the Flatlanders 
can work with, which is similar to that of the sphere studied by Rhombius. It is 
called the Poincaré disk, and on it the geodesic lines (the surface’s ‘straight’ lines) 
are the diameters of the disk and the arcs of the circle perpendicular to the edge. 


Several straight lines on the Poincaré disk. 
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In this geometry, infinite parallel lines (‘parallel’ means that ‘they do not intersect’) 
pass through an exterior point ofa straight line. There are two ‘limiting’ straight lines, 
which are those that intersect the straight line at the edge (but the edge does not 
belong to the disk, so they do not intersect the line). Therefore, the parallel lines 
postulate fails for a different reason to that of the sphere: there are parallel lines, but 
they are not unique. 


———————— 
> 


There is a whole series of straight lines parallel to r through a point P 
on the hyperbolic plane. 


If we draw a triangle, we see that the angles total less than 180°. For example, 
if we draw a right-angled triangle with a vertex at the centre of the disk, as shown 
in the diagram, we see that & + B + '¥ < 180°. Therefore, according to the formula 


+ B + y-180° =Area(T)-K180/n, 


we have a curvature of K<0. 


The total of the angles of triangle ABC is less than 180°. 
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An interesting property is that the area of the triangle cannot be increased to 
any size (as the sum of the angles is at least 0° and a tiny bit). Therefore, there are no 
homotheties that make triangles any size we want. 

Distances on the Poincaré disk are quite deformed. The area near the edge is 
much larger than it appears to be visually. In fact, the distance from the centre to 
the edge is infinite. It is as if we have taken a surface from hyperbolic geometry and 
shrunk it to fit it in a drawing on the plane. (Remember how we opened the sphere 
and stretched it in order to place it on the plane.) 


The Poincaré disk is infinitely large, and we cannot reach its edge. 


The area is also infinite. In the diagram on the next page we have a tessellation of 
hyperbolic triangles, all of them with equal areas, as the sum of the angles is always 
the same. In fact, the triangles are isometric, they are the same shape. As there is an 
infinite number of them, the total area of the Poincaré disk is infinite. 

The reason for the deformation is simple: neither the hyperbolic disk nor the 
sphere are within a plane; any flat drawing of them must be forcefully deformed. 
In the case of the sphere we are aware that it is not in the two-dimensional world 
(we can see it in the three-dimensional world). Flatlanders can only understand 
the intrinsic geometry of the sphere, while we can understand its intrinsic and 
extrinsic geometry. Hyperbolic plane is more subtle. It does not fit in Rhombius’s 
two-dimensional world, but it does not fit in our three-dimensional world either! 
This adds weight to our idea of focusing our study on intrinsic geometry. 
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A tessellation of hyperbolic triangles, all of them equilateral and equal in size. 


Geometries of constant curvature 


And here is the truly important question that is going to tell us what shape Flatland 
is. Which surfaces have constant curvature? As we know the surfaces topologically, 
the actual question is, which of the surfaces (compact, orientable, boundaryless) have 
a geometry of constant curvature? 


Theorem: Compact, orientable and boundaryless surfaces with constant curva~ 
ture are the following: 


If the curvature of a surface is constant K= K,, so the average value of the 
curvature coincides with this constant, K=K,. The Guass—Bonnet theorem 
states that 


2nX(S) =Area(S):K,. 


We do not know the area of S because that is global information, but we can at 
least determine its sign. 
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There are three possibilities: 


— K,> 0and X(S) >0.The only possible surface with a positive Euler-Poincaré 
characteristic is the sphere. 

— K,=0 and X(S) =0.The only surface with a Euler-Poincaré characteristic of 
zero is the torus. 

— K,<0 and X(S) <0. Surfaces with a genus of g>2 have X(S) = 2-2¢<0. 


This does not actually guarantee that these surfaces have geometries of constant 
curvature. It only tells us that, if they did have them, the genus is distributed in 
one of those three possibilities, depending on the sign of the curvature. Also, it is 
clear that there are geometries of non-constant curvature, such as, for ‘example, the 
deformed sphere on page 98. 

Also, no surface in three-dimensional space, with the exception of the sphere, 
has constant curvature.A (compact and boundaryless) surface in R? will certainly 
always have points of positive curvature (for example, the point furthest from the 
origin of coordinates has positive curvature). If surface S is not a sphere, then 
X(S) <0, so the average curvature is K,, < 0. Therefore, there must be points of 


negative curvature, and in hindsight there must also be points with zero curvature. 


A coloured surface. We can see the regions of positive curvature and negative curvature; 
they are separated by a consistent line of points with zero curvature. 


Therefore, in order to construct geometries with positive curvature on a 


surface we have to resort to intrinsic geometry! Let’s take a look at each of 
the three cases separately. 
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The sphere 


This is the easiest case.A sphere with a radius of one in three-dimensional space has 
a geometry with curvature K= 1, in other words, constant and positive curvature. 

To verify that K= 1, we place ourselves at point P.When we move ina direction, 
we follow a circle with a radius of 1 within the sphere. Its radius of curvature is R= 1 
and, therefore, the direction curvature is 1/R=1. So we have the main curvatures 
k, =1, = 1. And, finally, the Gauss curvature, K=k,° = ay 


ee 


Geometry on the sphere is called spherical geometry, and Riemann was the first 
person to study it. The ‘straight’ (or geodesic) lines are maximum circles (circles 
with a radius of 1 whose centres coincide with the centre of the sphere. In this case, 
the straight lines are unlimited but finite: two straight lines always intersect (at two 
points), violating the parallel lines postulate. In a triangle, the sum of the angles is 
greater than 180°. 

Spherical geometry is homogeneous and isotropic: any figure on the spherical 
surface can be ‘transferred’ to any other place on the surface and rotated in any 
direction. To verify this all we have to do is rotate the sphere while keeping its centre 
fixed; the figure will move while its angles and internal distances are maintained. 

Let’s verify the Guass—Bonnet theorem. The area of the sphere is 4 r?= 41. 
The Euler-Poincaré characteristic is ¥(S) =2.As 21X(S) = K, Area (S), we get that 
4n=40K, 


SO the curvature is K,= 1. 


The following is an interesting detail worth noting. Let's suppose for now that 
Rhombius is not short-sighted, that he can see a long way. Rays of light follow the 
geodesic lines. So, Rhombius can see any object placed on his antipode in every 
direction! It is as if it is extended (spread) across his entire field of vision (a distance 
d equal to the length of the maximum semicircle). 
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Squarina sees a starry sky in all directions, 


The torus 


The Euclidean plane has a curvature of K=0. On it, triangles have angles which 
add up to 180°, and circumferences have a length of !=2 mr, Now let’s consider the 
torus, given by a square whose sides are identified as shown in the bottom diagram 
on page 52. Consider the square with ‘Euclidean geometry’. In this situation, a 
Flatlander perceives that the torus has Euclidean geometry, Clearly, as he can only 
see the local neighbourhood and it is indistinguishable from a neighbourhood on 
the plane, he interprets it as plane geometry. Therefore, the curvature is K=0, (small) 
triangles have angles which add up to 180°, and (small) circles have a length of [=2mr. 

It should be noted that the success of this construction lies in what happens 
when we locate ourselves at the vertex. Remember the diagram on page 43, now 
shown opposite. 


B 
A 1A 
A (black) triangle on the torus. 
The sum of its angles is 180°. All we have to do 
to verify this is to transport areas of the triangle 
y \ ee = and recompose a Euclidean one. 
B 
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Trapezon, located on the vertex, does not notice that this point has a different 
geometry. Hence, the angle he sees around him must be 360°. What Trapezon sees when 
located at the vertex is formed by four regions, Each of them contributes 90°, which 
makes the global angle 360°, and Trapezon‘ vision is that of a perfectly Euclidean region. 

So far we have been assuming that the Flatlanders were ‘short-sighted’ and could 
only ‘see’ a small neighbourhood around them (or that Flatland were very large and 
therefore they could only see a small part). But, what if their visibility was unlimited? 
Rays of light follow geodesic paths.Also, whenever they pass through a wall they come 
out of the corresponding wall identified with it. Therefore, a ray of light which leaves 
Trapezon to the left, goes through the west side and returns from the east side, coming 
back to Trapezon. He ‘sees’ himself looking east, just in front of himself, at a distance 
equal to that of the edge of the square. 


+— as Se aie a 
cee ee eee Ue a pe 


A I IR IR) 


| je Oi ry vis 


Trapezon looking at himself. The ray of light describes the path shown in the square. 
If we extend it over Trapezon’s visual plane, it is a straight line. 
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In fact, Trapezon sees himself an infinite number of times. His field of vision 
becomes a plane, as shown in the above diagram. In it he appears repeatedly, but the 
images of the various Trapzons are increasingly further apart. In fact, he can see four 
copies of himself which are at a minimum distance and are in four specific direc- 


tions: north, south, east and west. 


MIRRORS 


When we look in a mirror we see an image formed by rays of light that we have emitted, 
but our impression is that the image comes from someone who is behind the mirror. Our 
brain assumes that the rays of light that reach our eyes always come in a straight line, and 
it ‘extends’ them ‘backwards’ from our eyes to form the image at the end of their supposed 
origin. This process of visual reconstruction is completely subconscious, and it has come about 
through the process of evolution, adapted to a natural world that does not normally have 
mirrors. The fact that we see an image behind a mirror even though it is not really there is a 
‘fault’ in this system, a situation where the response is anomalous. If we put two mirrors in 
parallel, we see the same image over and over, due to the paths of the rays of light. We see 
ourselves, just as Trapezon sees himself when he is on a torus. 


SS 


But Trapezon is ‘just one individual’ on the torus. If he tries to approach one of 


the other Trapezons he can see, they also move (in the same way that when we walk 
our shadow moves, following our steps), maintaining the same distance. 

The image in the diagram opposite is very enlightening. Imagine the torus 
as a great grid-covered plane, where the figures are repeated. Whenever a 


figure moves to leave a square on the right-hand side, one of its copies enters 
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through the left-hand side, serving as an ‘interspatial door’ without resorting to 
‘teleportation’! 


The basic polygon is a parallelogram. 


Surface with a genus of g>2 


A surface with a genus g is obtained (topologically) from a polygon with 44 sides, 
identifying the sides in a particular way. For our drawings, we are going to focus on 
the case of a surface S with a genus of g=2, for which we start with an octagon. 

The way in which the sides of an octagon are identified is shown in the top 
diagram on page 72. The key to understanding what kind of geometry S has is in 
the octagon’s vertex. Whatever its geometry, ifa Flatlander is on the vertex, he or she 
will see an angle of 360° around them. In the octagon the neighbourhood is divided 
into eight sections, as can be seen in the previous diagram (see bottom diagram on 
page 72). Therefore, the angles of these vertices must equal 360°. We are going to 
use the Gauss—Bonnet formula for polygons. We get: 


360-180 (n—2) = K-Area: 180/m. 


As n=8, we get that K-Area- 180/1 is negative and, therefore, K<0. In other 
words, the octagon must have hyperbolic geometry. 


1 To construct a torus, we could start with a parallelogram. In this case, Trapezon would see four copies of 
himself nearby. He would be able to calculate the distances d, and d, for those copies (by the relative size of 
the figures he sees) and the angle ot. This information provides the entire geometry of the torus. The funda- 
mental polygon is the parallelogram with which the torus is obtained by the identification of its sides. All 
geometry is contained in the fundamental polygon. 
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We are going to construct a hyperbolic octagon, the sum of whose angles 
is 360°. The simplest way is to use a regular octagon, with equal sides and 
angles of 360°/8 = 45°. We draw the octagon inside the Poincaré disk. The 
eight vertices of the octagon are identified (it can be seen on the surface in the 
bottom diagram of page 72 that the vertices are joined at a point of S). Moving 
a neighbourhood of each of the vertices to point S, we get eight 45° sectors. The 
sides that delimit those neighbourhoods are geodesic lines, which are ‘straight 
lines’ to a Flatlander. Therefore, Trapezon sees it as in the right-hand drawing 
of the following diagram: 


The vertices of the octagon are joined to form eight circular sectors, 
each of 45°, thus completing a neighbourhood. The vertex is, 
therefore, a ‘regular’ point of the surface. 


What does Trapezon see if there is infinite visibility? As in the case of the 
torus, we can transfer the octagons to cover the hyperbolic plane. The result is 
what is called hyperbolic tessellation. This tessellation is formed by ‘equal’ octagons, 
all obtained based on transferring the original octagon. They are certainly equal, 
although visually some seem smaller than others. This appearance is due to the 
deformation of the measurements as we draw nearer to the edge of the Poincaré 
disk. All the octagons are regular and their sides are the same length (which can 
be deduced from the following clear fact: if two regular octagons share a side, then 
their sides are equal). 
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A tessellation of the Poincaré disk with regular octagons, 
all with 45° angles and equal sides, Trapezon sees himself in eight directions. 


Trapezon sees himself an infinite number of times, and he sees eight images close 
to him. This informs him that it is an octagon, and that, therefore, the genus is 2. The 
fundamental polygon is now an octagon. And, in fact, it is a hyperbolic octagon. With the 
fundamental polygon we obtain the surface and also its ‘geometry’? 


What do we mean by ‘geometry’? 


When we geometricians talk of the ‘geometry’ of a space, we could be referring 
to various things, depending on our area of specialisation. Differential geometry 
researchers tend to refer to structures in a variety, in which a measuring tape (a ‘ruler’ 
for measuring lengths, angles and distances) is the paradigmatic example. These rulers 
can obviously have variable curvature. 


2 We can also start with an octagonal irregular polygon, with the only condition that the sum of the angles 
is 360°. Thus, we have different curvature geometries K<0 on the surface with genus g=2. The classifica~ 
tion of these geometries is related to the study of these hyperbolic polygons, which leads to the theory of 
Fuchsian groups and the construction of the Teichmiiller space. 
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But, in many texts, geometry refers to the structure ofa space in which the figures can 
be moved from one place to another (copying their distances and angles), following 
the 19th century interpretation. This concept refers, therefore, to homogeneous 
metric structures. If, in addition, we allow the figures to be rotated, we are referring 
to the more restrictive concept of isotropic metric structures, From this point of 
view, the curve is forced to be constant, and there are only three types of geometry: 
Euclidean geometry (K =0), elliptical geometry (K>0) and hyperbolic geometry 
(K<0). These three geometries share the existence of ‘translations’ and ‘rotations’ 
(which homothetic geometries do not). Remember that hyperbolic and elliptical 
geometries came about historically because of the failed attempt to demonstrate 
that the postulate of the parallel lines was always true, 


And how did they find out what Flatland was like? 


You must be itching to find out what happened in the story of the shape of Flatland. 
Rhombius developed the theory of surfaces with constant curvature. Clearly, the size 
of Flatland was much too big to be able to have any visual perception of repeated 
images in Flatdon. Rhombius proposed a project to the School of Telecommunication 
Engineers in Flatland, consisting of sending high-frequency radio signals, which 
always travel in a straight line, and can pass through all kinds of objects, such as brick 
walls, valleys and mountains, etc., and finally arrive at the start point. 

After constructing a sophisticated device for emitting and receiving these signals, 
it was fired in bursts and the time they took to return was recorded (which was 
approximately proportional to the distance covered) and the directions in which 
they arrived. This enabled them to reconstruct the ‘fundamental polygon’ and thus 
determine the ‘genus of Flatland’, 
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Topology and Geometry in 
Dimension 3 


We live in a three-dimensional world, which is much richer in possibilities than the 
two-dimensional world of Flatland. We have followed the adventures of the Flat- 
landers for many pages now, trying to understand the world they find themselves in 
and how to interpret it. Sometimes we have looked over their shoulders, from our 
three-dimensional perspective in which many things that they interpret in compli- 
cated ways are evident to us through simple drawings, 

But this journey has taught us a much more important lesson: we are a mere 
three-dimensional beings in the three-dimensional world, and we find it difficult to 
understand and interpret the space we live in. Any ‘four-dimensional’ being watching 
would laugh at how difficult it is for us to imagine spaces in dimension 3. And, if there 
is no such being, that does not really help us either; we are nevertheless aware of our 
limitations. We can only overcome this limitation as they did in Flatland, through 
mathematics, which is the language that helps us understand geometry. 

And the first thing we have learnt is that spaces should be analysed from within, 
that is to say, ‘intrinsically’. We do not need to suppose that there is anything outside 
the space we are in. Firstly, because it is possible that there is nothing other than 
our space and, secondly, because it is not accessible to us anyway and, therefore, we 


cannot answer questions about its existence or use it to help us. 


Varieties 


A dimension 3 variety is a space in which, from any point, we can look around us 
and have the impression that we are in a three-dimensional space. The notion of 
‘looking around us’ reflects the fact that we can only see a small neighbourhood 
around the point. Therefore, a neighbourhood of a point is homeomorphic to (it is 
the same shape as an environment of) three-dimensional space. Neighbourhoods of 


three-dimensional space are called balls (in dimension 2 they were disks). 
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A neighbourhood of a point in a 3-variety. 


The word ‘variety’ is a reference to the ‘various’ directions in which we can look 
(from each point). We use 3-variety to abbreviate the term variety of dimension 3. 

A point which has a neighbourhood homeomorphic to a ball in three-dimen- 
sional space is called a smooth point. A point which is not smooth, also called a sin- 
gular point, arises when there are zones that have been ‘squeezed’ and in those in 
which we cannot place coordinates. Varieties, by definition, only have smooth 
points. There is a whole branch of mathematics dedicated to the study of singular 
points, singularity theory. 


= = 
The central point of a cone is singular: its neighbourhood is not 


homeomorphic to a ball in Euclidean space. 
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PIERRE-SIMON LAPLACE (1749-1827) 


Laplace was a French mathematician and as- 
tronomer who was very interested in the study 
of celestial mechanics, There is an anecdote 
that tells us that Laplace presented a copy of 
his book Celestial Mechanics to Napoleon when 
they were both travelling on a ship to Egypt. 
Someone had told Napoleon that the book 
contained no mention whatsoever of God. Na- 
poleon, who liked asking awkward questions, 
said to Laplace when he received the book: “M. 
Laplace, | have been told that you wrote this 


extensive book on the system of the Universe 


without mentioning the name of its Creator.” 

Laplace, who despite being an adept politician, was very determined in his convictions, an- 
swered seriously: “| did not need to at any moment in the hypothesis.” Napoleon, pleased 
with the answer, told Lagrange about it. Lagrange exclaimed: “Ah! It is a beautiful hypothesis. 
It explains so much.” 


Why do we only consider one neighbourhood? Simply because that is the best 
fit for physical reality. Geometric space is like that; we live in a variety of dimension 
3. From our point of view, when we look around, we see a neighbourhood that 
appears to be similar (in the literal, not geometric, sense) to three-dimensional 
space. The Universe is so large that the part we see is tiny; in other words, it is a 
neighbourhood. This is why it is not surprising that our first impression is that the 
Universe is a Euclidean space. 

In our geometric drawings we can interpret the inhabitant of the 3-variety as 
being ‘short-sighted’; he only sees a short distance, which means he only perceives 
the neighbourhood around him. 

If we want to answer the question about the shape of our Universe, first we have 
to understand what spaces in dimension 3 are like, that is, to provide a ‘classification 
of the 3-varieties’. Then we should look at the possible geometries of 3-varieties 


and, finally, design an (physics or astronomy) experiment, which allows us to find 
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the answer. This is the pattern that we followed in the previous chapters to under- 


stand two-dimensional spaces. 


Topologies in dimension 3 


Needless to say, we mathematicians still do not have an exhaustive and complete 
classification of (compact, boundaryless) 3-varieties. Constructing a list containing 
all the 3-varieties is not the problem, as there are various methods for doing so 
(although perhaps some of them are not as obvious and explicit as we might wish). 
The truly difficult problem is telling apart any two varieties on the list, such that, if 
two varieties turn out to be the same, then we could (and should) remove one of 
them. Mathematical tools for telling 3-varieties apart have been developed through- 
out many years of investigation by experts in the branch of mathematics known 
as low-dimensional topology. In fact, the problem of distinguishing the simplest of 
3-varieties, the 3-sphere, gave rise to one of the most famous conjectures in geom- 
etry and topology — the Poincaré conjecture — a problem that took 100 years to be 
resolved. The initial difficulty in understanding 3-varieties lies in the fact that we 


THE POINCARE CONJECTURE 


The Poincaré conjecture is one of the most famous problems ever in geometry, and the one which 
has had the greatest repercussions on the development of geometry and topology in the 20th 
century. Such is its relevance that it was included in the list of the seven problems for the new 
millennium proposed by the Clay Mathematics Institute (http://www.claymath.org/millenniur/). 
Interestingly, it was the first to be resolved (and for now the only one). The problem was put forward 
by Henri Poincaré in 1904 and it states the following: 


if X is a compact, boundaryless 3-variety, and all loops on X are trivial, then X 
is homeomorphic to the 3-sphere. 
The Poincaré conjecture is part of a broader problem, the problem of classifying (compact, 
boundaryless) 3-varieties. Remember that the problem of classification consists of providing a 
list that includes all the 3-varieties, and which contains no repetitions. The Poincaré conjecture 
characterised the first of the 3-varieties on the list — the 3-sphere. 
In the 50s and 60s, various mathematicians, some of whom were very influential, provided incorrect 


— 
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have to imagine them within a three-dimensional world. We need ingenious methods 
(such as those used by Pentag and Trapezon to draw 2-varieties within Flatland) that 
allow us to ‘see’ the 3-varieties. ‘Seeing’ a space in dimension 3 (or higher) is some- 
thing That is not done with sight (at least not in the way in which we see surfaces), 
but it consists of being capable of answering questions about the space, of making 
drawings which are, to a certain extent, manipulatable and allow us to transform 
one space into another, and determine if they are equivalent (homeomorphic) or if 
they are different. In this chapter we want to demonstrate the various methods for 
constructing and understanding 3-varieties. 

Firstly, we have the ‘safest’ way of describing a 3-variety, which is to provide 
an atlas with all of its charts. But a chart of a space in dimension three is not like 
the page of a book, which is what we would use for spaces in dimension 2. This 
time, we need 3-dimensional ‘pages’. The atlas would consist of a collection of 
these charts, in which it is indicated which next chart to go to whenever we leave 
through one of the ‘six’ cardinal points: forwards, backwards, right, left, up and 
down, Although this system does not seem very practical, but it does completely 


describe the space. 


proof of the Poincaré conjecture, The consequence was a 
collection of very powerful techniques that helped with the 
problem of classifying 3-varieties, and numerous methods for 
constructing 3-varieties and the development of knot theory. 
It was in 2003, a century after Poincaré proposed his 
conjecture, that a Russian mathematician, Grigory Perelman, 
found the solution to the problem. The achievement 
earned him a Fields Medal, the most prestigious award in 
mathematics. It was awarded to him at the International 
Congress of Mathematics (Madrid, August 2006). However, 
Perelman turned the medal down, On 18 March 2010, the 
Clay Mathematics Institute awarded him a millennium prize 


for resolving the problem, a cool $1 million; Perelman also 


Jules Henri Poincaré 
rejected this prize. (1854-1912) 
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A ‘chart’ in the ‘atlas’ of our Universe. To navigate through space with interstellar 
spaceships we will need this kind of galactic cartography. 


To visualise the 3-variety, we have to ‘join’ these charts, placing one next to 
another, following the criteria through which the charts are joined. To do this, 
some of them have to be stretched or contracted (remember that we only want to 
describe the space topologically). It is possible that some joins cannot be carried 
out because we are in a three-dimensional space, similar to what happened with the 
Klein bottle in the bottom diagram on page 59 (a four-dimensional being would 
certainly not have these problems). Our solution is to ‘pretend’ that they were already 
joined. And it works! 


For example, once the space has been described with an atlas, we can count 


the number of vertices V, the number of edges E and the number of faces F. And 
now we also have the number of blocks in dimension 3, which we will call B. The 


Euler-Poincaré characteristic is 
X= V-E+F-B. 


Unfortunately, this time % does not tell us much. For any compact and bounda- 
ryless 3-variety, X =0. 


The 3-sphere 


We start here with the simplest examples. First of all, we have the 3-sphere. According 
to its mathematical definition, it is the set of points at a fixed distance R from the 


origin of coordinates in 4~dimensional Euclidean space. This is not very useful, as it 
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is difficult to imagine 4-dimensional space. But, also, this is not the path we want to 
take, because we do not want to see 3-varieties immersed in a superior space, but 
to understand the varieties themselves. 

Let’s describe the 3-sphere in another way, through its properties. If we place 
ourselves at point P of the 3-sphere and travel in a straight line, after a while, when 
we have travelled a distance d, we find ourselves at a point called the antipode, P’, 
which is the furthest point from P From this moment, always continuing our journey 
in a straight line, we will approach the start point again, returning in the opposite 
direction. We finally reach P after covering a total distance of 2d. This phenomenon 
occurs whatever direction we travel in and wherever we start from. 

To describe this space, we draw a ‘ball’ with a radius of d and in its centre, point 
P.A ball is the interior of a normal sphere in three-dimensional space. When we 
travel from P in a given direction and reach the edge, we appear at the point on the 
opposite edge to the entry point. In fact, we interpret that any point of the edge 
is the antipode P’ of P. Therefore, we are identifying the whole edge to one single 
point of the 3-sphere. 


P' 


Journey in a straight line on the 3-sphere. 


It is common to think of the 3-variety as a ‘very extensive’ space compared to 
the inhabitant, who would only have access to a small neighbourhood of it. But let’s 
assume that the visibility in the 3-variety allows us to see the whole space. In this 
case, as rays of light travel in a straight line, that is, following geodesic lines, we can 
see the antipode. In fact, we would see it whatever direction we look in. Therefore, 
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in our celestial vault we can perceive, ‘in any direction’, a fixed celestial object, which 


would be ‘spread out’ in some way. 


THE 3-SPHERE AND THE FOURTH DIMENSION 


We can imagine objects in the fourth dimension. Again, we turn to Flatland to learn how to 
do this. A Flatlander can ‘see’ a 2-sphere in the following way: the 2-sphere travels downwards 
passing through Flatland. The Flatlander sees its cross-sections (sections where the sphere 
intersects the plane). First he would see a point, which grows into a large circle until it reaches 
its maximum diameter and then shrinks and, after becoming a point again, it disappears. 


Now, if we interpret that we are in our space of 3 dimensions and that a 3-sphere within the 
space of 4 dimensions visits us, this 3-sphere could move ‘downward’ (in a direction that we 
cannot comprehend, as it only exists in the fourth dimension). We would see the following: a 
point appears and becomes a small sphere, which grows until reaching a maximum size, Then 
the sphere shrinks, until it becomes a point and disappears. All objects in four-dimensional 
space can be understood by means of their cross-sections. 


The 3-torus 


Assume that we have a cube like the one in the following diagram, whose shape is 
such that when we move up and through face A, we appear through face A below. 
In the same way, if we move to the right and cross face B, we appear through face 
B on the left. And, finally, if we move into the picture, as we cross face C we appear 
through face C at the front. 
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A cube, the faces of which are identified in pairs. 


We would have a compact and boundaryless 3-variety, which we call a 3-torus 
because of its similarity to the 2-dimensional torus in the bottom diagram on page 
52.The faces are identified (joined) when they have the same letter. 

For the 3-torus to be a 3-variety, we need to check that nothing strange happens 
in the join areas, that is, that the identifications are carried out in such a way that 
the fact that ‘locally we have a space that is homeomorphic to a neighbourhood 
of three-dimensional space’ remains true if we locate ourselves ‘in the middle’ of a 
face, or an edge or a vertex. 

Let’s see what happens in each of these cases. If we put ourselves in the middle 
of a face, that is, if we are passing through face B, then half of us will be on the 
right and the other half, on the left. What we see around us, the neighbourhood, is 
formed by two hemispheres which when joined (with suitable identifications), give 
us a three-dimensional ball (which is homeomorphic to the normal one). 


eee 


© 
(cones 


A small sphere walking towards the right-hand face of the 3-torus. 
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If we locate ourselves at an edge, for example, the one that separates faces B and 
C, we have four different parts which, once joined with the identification, give usa 
neighbourhood that is hhomeomorphic to a three-dimensional ball. 


Le 
Ff 
Gemmee S 


The small sphere now on an edge of the 3-torus. 


Finally, the eight vertices of the cube are identified with just one point. In fact, 
in the 3-torus, they ‘are’ the same point. The neighbourhoods of these vertices ‘fit 
together’ perfectly to form a three-dimensional ball. 


The small sphere on the vertex. Its body is ‘distributed’ across eight zones of the cube, but its 
perception is that it is on a smooth point of a 3-variety. 


The faces, the edges and the vertices of the cubes fit together geometrically. 


The way of credibly verifying this is to ‘tessellate’ the three-dimensional space 
with cubes, 
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Infinite copies of the cube, its faces joined according to the joining rules for the original cube. 
All of them tesselate (overlay) normal Euclidean three-dimensional space. 


Now we can locate ourselves on a face, edge or vertex and check that the 3-torus 
is a 3-variety at that point. The identification of faces now consists of saying that 
“whichever cube (in the above diagram) we locate ourselves in, it is as if we were 
in the initial cube”. If we were in a 3-torus with unlimited visibility, we would see 
infinite copies of ourselves, both in front of and behind us, up and down and to the 
left and right. Six of these copies are the closest; the rest are further away. 


Orientability 


In space in dimension 3 we also have orientation. In this case it is given by an ori- 
entation of the three axes x, y, 2. We can understand the orientation as the difference 
between left and right. There are two orientations, positive and negative orientation. 
In the positive orientation, if we stand at axis z, which points towards our head, and 
axis x which points forwards, then axis y points to the left. In the negative orienta- 
tion y would point to the right. 


x z y 


The first two Cartesian references have positive orientation, 
while the third has negative orientation. 
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There are other interesting ways of interpreting orientation. For example, taps 
rotate with positive orientation. Imagine a sink on the plane xy, with an old- 
fashioned tap (with a rotating handle). In order to open the tap, we rotate from 
axis x towards axis y. In fact, we can even notice a slight upward movement of the 
handle (towards axis 2), as an internal piston is opening to allow the water to pass. 


Direction of rotation to open a tap. 


Corkscrews also rotate in the positive direction: when we turn them from the x 
axis to the y axis, we remove the cork, which moves in the direction of the ~ axis. 


A corkscrew is spiral-shaped, The spiral is ‘positively’ orientated. 


A non-orientable space is that in which we can travel along a path and return to 
the start point so that the orientation changes. If we went on a journey along that path, 


126 


TOPOLOGY AND GEOMETRY IN DIMENSION 3 


with a corkscrew and a tap in our hands, when we got back our heart would be on the 
right, our corkscrew would open bottles by turning it in the opposite direction and 
the tap would also open in the wrong direction. Moreover, after coming back, we will 
be sure that our corkscrew and our tap are fine, and that all the other corkscrews and 
taps, which stayed behind during our journey, are the wrong way round. Of course, 
when we lift our left hand, everyone else will see our right hand, and when they 
lift their left hand, we will think it is their right. The world has become a mirror... 

Finally, if the space is non-orientable, then the loop (or loops) that reverses the 
orientation is not trivial; in other words, it surrounds a hole. If it were trivial we could 
gather the loop by pulling it inward until we had it in our hands. The original loop 
switches orientation, and this property is maintained when we move it throughout 
our space. Just before we finish collecting it we would have a small loop that we 
could put on a table and which would switch orientation. This is absurd — how 
could a corkscrew become a mirror image of itself just by moving it round a circle 
on the table? 


The 3-Klein bottle 


When describing the 3-torus, we marked the joining of the sides of the square in the 
top diagram on page 123 with letter pairs. In the two-dimensional case, we joined 
the sides by drawing an arrow. However, there were two ways of joining, depending 
on how we placed the arrows. In the three-dimensional case, the faces are two- 
dimensional polygons (squares in this case), and they can be joined in multiple ways, 
as they can be rotated and also ‘inverted’ (switched across a line of symmetry which 
changes the orientation of the face). Therefore, the letters on the faces do not only 
identify which faces we join, but also the position in which we should join them. 


Various ways of joining two faces. 
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We will mark the faces that we are going to join and place them in a position 
that indicates ‘how’ to join them. The letters should always coincide exactly. In the 
cube on the right of the diagram on the previous page, if we pass through the top 
face, we appear at the bottom in the same position. In the central cube, when crossing 
through the top we appear at the bottom rotated clockwise through 90°, Finally, in 
the right-hand cube, when crossing through the top we appear at the bottom with 
the right-hand side on the left, and the left on the right. We are inverted; or if you 
prefer, we've flipped! 

The 3-Klein bottle is analogous to the Klein bottle and it is achieved through 
the following identification of the cube: 


The 3-Klein bottle. 


It is a non-orientable 3-variety. If we walk along the loop in the diagram above, 
we return to the original position with our orientation inverted. Obviously, when 
we travel the same route a second time, we regain our original orientation. 

There are many other possible joins, starting from the figure above and that on 
page 123, which give us orientable and non-orientable 3-varieties starting with a 
cube. There is a whole mathematical theory, known by the name of Bieberbach 
groups, dedicated to the study of these 3-varieties. 


Interspatial doors and joining handles 


An interspatial door is a place in space that we can enter and then exit somewhere 
else. It is an ideal cinematic trick for making interstellar journeys. We are going to 
use it mathematically to ‘join a handle’ to a variety. 

We can think of the process in two different ways, both topologically equivalent. 
The first way consists of identifying zone A of the space with another zone B. We 
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select two small balls, the edges of which are the entry and exit zones, A and B, of an 
interspatial door. We can enter through A in any direction and we will exit through 
the corresponding point of B. 


-@ 


Interspatial doors in a 3-variety. 


The second way of joining handles consists in having a ‘handle’ throughout the 
space joining A to B. The ‘small’ snag is that the handle does not fit in our space 
(remember what happened when we joined handles to surfaces). So we need to 
make use of some extra space, borrowing it from the fourth dimension. The fourth 
dimension is not space-time. It is a spatial fourth dimension, u, which gives us the 
coordinates x, y, 2, 4. This fourth dimension has no physical extension (it does not 
exist in reality, or if it does exist we cannot detect it, so it might as well not be 
there). But we can use it as a mathematical device. Thus, the space of our 3-variety 
has three (local) coordinates x, y, z, where coordinate u=0.When we move outside 
the 3-variety, u stops being equal to 0. Now, when we join the handle together. We 
start with sphere A; we lift it slightly into the fourth dimension, which now gives 
us a sphere where u>0; we move this sphere (that is, we spatially move x, y, 2) until 
locating it on B; finally, we reduce coordinate until 1=0, meaning that we finish 
at B.A journey through the handle is like a journey through the fourth dimension, 
science fiction in action! 


= 


EN 


=, =, 


Joining a handle in a 3-variety. 
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STARGATE 


The science-fiction film Stargate, released in 1994, is about an interstellar gate that can be 
used to travel to other areas of the Universe, to other planets in other solar systems, simply 
by walking through it. The method for returning is the same — just go through the interstellar 
door in the opposite direction. The original film has been followed by a string of sequels. Three 
television series with more than 350 episodes have also been made, along with books, comics 


and computer games. 


Connected sums 


A particular example of joining handles takes place when we have the following 
situation: let S, and S, be two varieties in dimension 3, and consider two zones, B, in 
S, and B, in S,, which we join with the above process. This gives us a new 3-variety, 
which we call the connected sum of the given varieties. It is called connected sum be- 
cause it is a way of joining the two varieties, obtaining something that is connected. 
Of course, now we can go from S, to S, and vice versa through the zone of the join. 

We can imagine the situation as if two parallel universes had been connected by 
an interspatial door. However, as all the points of the resulting 3-variety must all be 
smooth, nothing special would be noticeable at the point of the identification, such 
that we would not notice anything when going from S, to S,. The consequence of 
this fact is that we cannot determine whether or not there are two interconnected 
universes or if in reality there is only one. For example, the door to my bedroom 
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could be an interspatial door connecting a small universe (my bedroom) with another 
larger one (the rest of the Universe), When I go through the door I do not notice 
anything unusual. But is it no more logical to say that the whole (my room and 
everything outside of it) forms one unique space? 


Surgery along knots 


Dimension 3 is much more diverse (and, therefore, much more complicated!) than 
dimension 2, Firstly, there are more possibilities for joining handles than we saw 
in the previous section. 

In mathematics we tend to generalise with analogies. The normal sphere, or 
2-sphere, has points in three-dimensional space that are at a fixed distance from a 
given point. In other dimensions we have the n-spheres. For example, the 1-sphere 
is the points on the plane at a fixed distance from a given point, in other words, a 
circle. We have already described the 3-sphere.We can also talk about the 0-sphere, 
which are the points on a straight line which are at a fixed distance from a given 
point; therefore, the 0-sphere is ‘two points’, 

Let’s revise the joining of handles, which we described previously. It consists in 
choosing two points, broadening them and then connecting them by identifying 
the resulting spheres (see the top diagram on page 129). Therefore, we have chosen 
a 0-sphere (two points). What would happen if, instead of choosing a 0-sphere, we 
chose a 1-sphere in the 3-variety? 


A 1-sphere is a knot. 


A 1-sphere is a circle in the 3-variety. But ‘a circle’ means ‘an intrinsic circle’. 
That is to say, we have a loop in the 3-variety, which, in general, can be knotted. As 
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one might expect, knot theory is the field involved in the study of knots and their 
properties. The problem of the classification of knots has yet to be resolved. 

Now let’s broaden the knot a little, which gives us a solid torus, that is, a (filled) 
doughnut. The edge of the doughnut is the surface, or a torus. In a torus there are 
two types of circles: transversal circles, called meridians, which are those that appear 
when broadening the initial knot (and would disappear if we were to contract the 
doughnut to the knot), and the longitudinal circles, called longitudes, which cover 
the torus following the path of the initial knot (when the doughnut is contracted 
the longitudes would become the knot). 


A torus with a meridian m and a longitude |. 
On the right, they are shown in the intrinsic model of the torus. 


There are no options for the meridian; all meridians are homotopes (one can 
be moved to become the other). However, we have a certain amount of liberty 
for choosing the longitude. We can allow it to spin around the knot as it moves 
longitudinally. This ‘spinning’ is given by an integer number which is called framing. 
Once this framing has been chosen, there is a unique way of taking the knotted 
torus (left in the above diagram) to the usual torus (right in the diagram), such that 
the meridian becomes the meridian and the longitude, the longitude. By this we 
mean that there is homeomorphism between the two with this property and that 
it is essentially unique (it is not actually unique, but might as well be — two possible 
homeomorphisms are homotopes).The framing gives us the reference necessary for 
this homeomorphism. 

Now we carry out the surgery along knots. It is a join that is similar to the joining 
of handles. In mathematics surgery is the name given to the process of the cutting and 
joining (or sewing) of spaces to obtain new spaces. In the current situation we take 
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two knots (in two spaces or in the same one), we broaden them and form two solid 
toruses. We forget about the interior of the solid toruses and we choose framings. 
Now we identify the edges by joining longitudes with longitudes and meridians 
with meridians. The resulting space is a kind of connection sum along the toruses. 


We enter through one torus and leave through the corresponding point of the other torus. The 
“correspondence” between the toruses makes the meridians and longitudes coincide. 


The possibilities that this gives us are innumerable, mainly because we have so 
many knots at our disposal. In fact, any 3-variety can be described with joins of this 
type. If we managed to discover all the knots, then we would also have discovered 
all the topological 3-varieties. 


Geometries in dimension 3 


Geometry studies the metric properties of spaces (distances, angles, curvature, etc.). 
In the case of two dimensions, to analyse how a surface curves we found it very 
useful to look at it from three-dimensional space. But we also explained how the 
Flatlanders were able to analyse the curvature of surfaces intrinsically. So, to analyse 
how 3-varieties curve, we really feel like Flatlanders, since we cannot look at the 
space from the outside (we do not know if it exists nor can we access it). 

A four-dimensional being who sees a 3-variety within its own space would look 
at us three-dimensional beings who live there and would speak to us of its extrinsic 
geometry and how it can ‘see’ the curvature by looking at the four-dimensional 
zenith. If we moved along a geodesic line in the 3-variety and we could look in the 
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‘fourth’ direction, we would see how that path curves to calculate the directional 
curvature with the formula k= 1/R, where R is the radius of curvature. However, 
as three-dimensional beings, when we move along a geodesic line without being 
able to look outside the 3-variety, we do not perceive any effect of ‘curvature’ (this 
is exactly what ‘geodesic’ means). 

The four-dimensional being would explain to us that there are three perpendicular 
directions €,»€,, €, in which the ‘directional’ curvatures are k, k,, k,, where k, is the 
maximum, and ky the minimum possible directional curvature. To our frustration, 
there is no way for us to find any of this without its help. This information belongs 
to extrinsic geometry, which can only be seen from outside the 3-variety. We are 
inside it and we can only do intrinsic geometry. 

What is available to us is the following: We can draw three small flat ‘sections’ at 
point P that contain each pair of two of the three directions €,, € €,-A flat section 
is a small surface in the 3-variety that contains two vectors at P. It is formed by 
geodesic lines which pass through P. 


Three flat sections at point P. 


We get three surfaces Sis S,, S,. Surface S, contains vectors ey and e553 with 
curvatures k, and k,, which means it has a curvature of K, =k,-k,. This curvature is 
intrinsic data. It can even be obtained by a flat being within S,! Analogously, surface 
S, has a curvature of K, =k,’ k,,and surface S, has a curvature of K,=k, -k,.Although 
we do not know the numbers k, k,, k,, we do know k,- iS kik, and k, “Ry 

The savvy reader will have realised that we have cheated a little. How can we 


discover surfaces S,, 8, S, if vectors €,, €, €, are extrinsic? And, without them, we 
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cannot find the rest. The solution involves finding ‘all’ the flat sections (even if they 
are infinite) in all possible directions that pass through P. Curvatures of flat sections 
are called sectional curvatures. 

Taking all these flat sections, we have many possible values for sectional curvature. 
With them we can find k,-k,, k,-k, and k,- k,. For example, if the three numbers k, 
k,, k, are positive, the greatest of the sectional curvatures is k,-k,, and the smallest, 
k,-k,. This also allows us to find planes S, and S,. Plane S, is perpendicular to both, 
and k,*k, can be found as it is its curvature. 


Given a point P and a plane x, there is a number K , (1), called sectional curvature, which is the 
curvature of the corresponding flat section (and it is intrinsic). 


Interestingly, with k, -k,, k,-k, and k,~k,, it is possible to obtain k,, k, and k,, at 


ae 
least when the three are positive. This is a phenomenon that occurs for a variety of 
dimension 3 in a four-dimensional space, but not in superior dimensions. 
Mathematically, extrinsic curvature is a one-dimensional phenomenon. It appears 
when we travel a path and notice (through centrifugal force) that it is curved. 
Intrinsic curvature is, in fact,a two-dimensional phenomenon. It appears when we 
draw a small flat section, and calculate its curvature, for example, drawing a triangle 
and adding its angles together, or drawing a circle and measuring its circumference 
(triangles and circles, even when drawn in 3-varieties, are two-dimensional objects). 


Homogeneous geometries in three dimensions 


In a 3-variety in general, curvature can be variable, changing from point to point. 
Geometric spaces that interest us are those in which there is a certain symmetry. On 
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the one hand, the properties of homogeneity and isotropy, mentioned in Chapter 4, 
seem to be the most suitable for the problem of the shape of the Universe. On the 
other, as we said at the end of that chapter, the terminology ‘geometry of a space’ 
normally refers to homogeneous geometries, as within them figures can be transferred 
‘isometrically’. Let’s review these concepts: 


— A 3-variety is homogeneous when two given points P and Q have neigh- 
bourhoods that are isometric (geometrically equivalent). 

— A 3-variety is isotropic when, given any point, we can find isometries of one 
of its neighbourhoods that take a direction u in any other direction v. In 
other words, any geometric figure can be rotated from P so that it can be 
seen in any direction, while maintaining its geometric properties. 


If a variety is isotropic, then, given a point P, we can take (with an isometry) 
any plane in P to any other plane in P. Therefore, the curvatures of all the planes in 
P coincide. We also saw in the top diagram on page 102 that an isotropic variety is 
homogeneous. Therefore, the curvatures of the planes at a point P and at another 
point Q also coincide. Then the curvature of all the points and all the planes is a 


constant. It is written as follows: 
isotropic = constant curvature k,. 


If a variety is homogeneous but not isotropic, then, given a point P, different 
planes (in P) have different curvature. So the curvature is ‘variable’ at P. However, 
it is true that given two points P and Q, the entire collection of curvatures on P 
coincides with the entire collection of curvatures on Q. All we need to know now 
is the collection of curvatures for a single point. 

We are now going to talk a little about geometries of 3-varieties, starting with 
isotropic geometries. When we were analysing geometries of constant curvature in 
dimension 2, we started with a few models, one for each case: 


Curvature | Model Geometry 
K>0 Sphere Elliptic 

K=0 Euclidean plane Euclidean 

K<0O Poincaré disk Hyperbolic 
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The models are characterised by the fact that they are simply connected. (This 
means that their loops are all trivial.) With a fixed value for curvature K there is only 
one model. The remaining surfaces with geometries of constant curvature appeared 
when their points had neighbourhoods which were isometric to one of these models. 
Alternatively, they tessellated one of the models. In dimension 3, we also start with 
three models, which are simply connected 3-varieties with constant curvature. The 
remaining isotropic 3-varieties are obtained from them.These models are known by 
the name of special shapes: 


—The 3-sphere. It is simply connected and has a curvature of K>0. In the 
model in the following diagram, we can see that all the straight lines have a 
fixed length. In fact, if we place ourselves at the centre point and draw a “flat 
section”, we get a 2-sphere with a curvature of K=1. And this is the case 
regardless of the plane, which means the curvature is constant. The 3-sphere 
is compact; in fact, it is the only compact spatial shape. 


A geodesic journey from P. After passing through the antipode, we return 
to the start point. The grey surface is a 2-sphere within the 3-sphere. 


— Three-dimensional Euclidean space. It is the space we are used to. The straight 
lines and planes are normal. The planes are Euclidean and have a curvature of 
zero. The curvature of the space is therefore, K=0. 

— Hyperbolic space. Its model is a ball with distorted metrics, in which the 
edge of the ball is actually at a distance of infinity. Planes in hyperbolic space 
are either disks which pass through the centre of the ball (which means they 
are actually hyperbolic planes), or pieces of sphere which perpendicularly 
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intersect the edge of the ball. Drawing the planes from the origin, we see 
they all have a curvature of K=—1. Therefore, the curvature of hyperbolic 
space is constant, K<0, 


Two planes within hyperbolic space. There are many ‘parallel’ planes. 


There are eight homogeneous geometries in dimension 3, as William Thurston 
demonstrated in 1982. Three of them are isotropic. The other five are: 


— Geometry S** R. This geometry is elliptical in the first two directions and 
Euclidean in the third. Therefore, k, =1, | al and k,=0. So the sectional 
curvatures are K, =0, K,=0 and K,= 1. 

— Geometry H?xR. This geometry is hyperbolic in the first two directions 
and Euclidean in the third. Therefore, k, =1, k,=—1 and k,=0. So the sec- 
tional curvatures are Ki =0) K,=0 and K,=-1. 

— Three other geometries, with more complicated mathematical descriptions, 
which are called SLR), Nil and Sol. The first two are twisted versions of 
EXR and H?*R, where E is the Euclidean plane. The final geometry, Sol, 
needs its own description. 


Isotropic geometries in compact varieties 


We are particularly interested in compact, boundaryless 3-varieties. From a physical 
point of view, they correspond to finite but limited spaces. From a mathematical 
point of view, compactness is a good property that limits pathological possibilities 


138 


TOPOLOGY AND GEOMETRY IN DIMENSION 3 


that may occur with non-compact varieties. (For example, having an infinite number 
of holes as we move away in one direction...) 

In Chapter 4 we focused on the study of isotropic geometries of 2-varieties, and 
we saw that even that was not a simple problem. The key is in: 


— Constructing a fundamental polygon and identifying its faces to give a 
3-variety. 

— Verifying that the edges and the vertices of the fundamental polygon ‘fit’ well, 
so that the geometry gives smooth points along the edges and vertices (after 
all, all varieties are formed ‘exclusively’ by smooth points). Hence, sometimes 
the fundamental polygon cannot be Euclidean. So, we adjust curvature K 
(which may be K<0, K=0 or K>0) to obtain it (this was always possible 
with surfaces). 


The alternative to these steps is: 


— Tessellating the model (sphere, Euclidean plane or hyperbolic plane) with 


fundamental polygons. 


We have to do the same in dimension 3. However, this problem becomes truly 
complicated, and to date it is unresolved, although we know a lot about it: 


1. Not all 3-varieties allow isotropic geometries. In fact, not even all 3-varieties allow 
homogeneous geometries. The most positive statement in this sense is Thurston’s 
geometrisation conjecture (recently proved by Perelman), which states that all 
3-varieties can be divided into sections that allow homogeneous geometries. 

2. Most homogeneous 3-varieties are hyperbolic (this fits with what we saw for 
surfaces, where most of them were hyperbolic). 

3. Elliptical 3-varieties are obtained by tessellating the 3-sphere with regular 
polyhedrons in spherical geometry (whose angles are swollen, such that 
their total is greater than the Euclidean norm). Not all elliptical 3-varieties 
are known. Apart from the sphere, one of them is projective space, which is 
obtained by tessellating the 3-sphere with its two ‘hemispheres’. 

Another very famous elliptical 3-variety is the Poincaré variety. We take a 


dodecahedron and join its faces as follows: each face is joined to the opposite 
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one and rotated through 36°. If we try to tessellate three-dimensional space 
with dodecahedra joined following this rule, we see that it is not possible, 
because the angles of the vertices are not ‘filled up’; in other words, we are 
left with gaps between the various dodecahedra. The solution involves using 
dodecahedra in spherical geometry, in which the angles grow and, therefore, 
we have slightly ‘swollen’ polyhedra. Thus, we can tessellate the 3-sphere with 
120 tetrahedra of this type, which allows us to put a geometry with a curvature 


of K=1 in this space. 


The Poincaré space is obtained by joining the faces of a spherical (!) dodecahedron. 


4. Euclidean 3-varieties are obtained by tessellating three-dimensional Euclidean 
space. It can be done with cubes, although we can also use parallelepipeds 
(a three-dimensional shape with six faces, which are parallelograms, and 
whose opposite faces are parallel). The result is topologically equivalent to a 
3-torus. However, its geometry is different. The angles between the faces of the 
parallelepiped and its sides can be determined with the metric, which means 
the 3-torus obtained with cubes and that obtained with the parallelepiped in 
the following diagram are not isometric. 


aia eee 


Fundamental polygon in a Euclidean 3-variety. 
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5. Many hyperbolic 3-varieties are known, but not every one. It is not easy to 
achieve tessellations in hyperbolic space. One example is the Seifert-Weber 
variety, which is obtained from a dodecahedron in which we join each face to its 
opposite face rotating through 108°. If we try to tessellate three-dimensional space 
with dodecahedra joined with this rule, we see that it is not possible, because the 
angles are very large. For them to fit we need to use hyperbolic dodecahedra, 
which have more ‘finite’ angles than those of a Euclidean dodecahedron. This 
gives us a geometry with a curvature of K=—1. 


The Seifert-Weber 3-variety with hyperbolic geometry. 
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What Shape is Our Universe? 


A long journey has brought us to this point with one question left: can we work 
out what shape our Universe is? It is a question to which we do not yet have the 
answer, but which has served as an excuse to understand a little about geometry 
and topology on the way. However, I would like to return to the initial question as 
a fitting conclusion. 

In Classical Greece there were a variety of opinions on the nature of space. 
Democritus, founder of the school of atomism, believed in an infinite Universe that 
extended in three directions (length, height and width) in an undefined manner, just 
as the Euclidean plane extended in two dimensions. However, Aristotle imagined 


the Universe as a large ball, with the Earth in the centre and a spherical border. 


Universum (7888), an engraving by Camille Flammarion. 
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The prevalent idea for may years was that of Aristotle, mainly because of the 
human fear of the infinite. The invention of the telescope in 1608 and the following 
astronomical observations unpicked the geocentric vision and, with it, the Aristotelian 
idea. The idea of an infinite space (what we have been calling so far Euclidean three- 
dimensional space) was assumed immediately. Kant himself said that the Euclidean 
space was “the (only) reasonable way to understand the perception of the objects 
existing in space”. 

Riemann was the first, in 1854, to state that the Universe may not be Euclidean: 
he developed the theory of curved geometries of spaces and proposed the idea 
that the Universe was a 3-sphere. This proposal was not sustained by any empirical 
evidence, but for the first time it abandoned the preconceived idea of Euclidean space 
and introduced a new concept: the Universe, as it was a 3-variety, could in principle 
have a form other that the Euclidean one — something reminiscent of what happened 
with the idea of the flat Earth and the spherical Earth at the start of Chapter 1. 

It could be said that in Riemann’s time mathematics was already mature enough 
to be able to consider this matter. The notion of variety, of geometric space, was 
under development. Previous work by mathematicians such as Gauss, Bolyai and 
Lobachevsky led to the discovery of hyperbolic geometry, which demonstrated 
that there was not one unique type of space (until that point, the Euclidean type) 
and, therefore, produced the need to ‘define’ the concept of space (which ended up 
being called variety). 

On this occasion, as on many others, it is mathematics that guided the way in 
which we understand the world. But it is also mathematics that helps us to answer 
these great questions. 

All the questions to which we have dedicated the previous chapters on the 
topology and geometry of varieties in dimensions 2 and 3 have shown us the 
meaning of the question “What shape is our Universe?”, and they give us clues on 
where we should search for the answer. 


The Universe 


The Universe is the totality of space and time, of all the forms of matter and energy. 
The Universe is filled with billions of galaxies, each of them with billions of stars. 
We live on a small planet that orbits in a solar system located in one of the branches 
of one of the galaxies, the Milky Way. 
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The galaxies group together, forming clusters and superclusters. 


We can place three (imaginary) coordinate axes at any point in the Universe 
with which we can locate another nearby point. If the Universe were a Euclidean 
three-dimensional space we could extend those three axes indefinitely to cover all 
the points in space. The notions of curved space which we have revised in previous 
chapters indicate that we should not expect anything like this. This step would consist 
in an induction of the type ‘from the finite to the infinite’, which is similar to the 
parallel lines postulate and tends to lead to an error. 

Therefore, what we can say is that, ‘locally’ we can place three coordinate axes. 
Saying that locally we are in a three-dimensional world is the same as saying that 
‘the Universe is a 3-variety’. 

Einstein’s theory of relativity is based on the assumption that physical space 


is a variety, and that its shape is given by its geometry (that is, a metric). The 
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LOBACHEVSKY AND THE GEOMETRY OF THE UNIVERSE 


The first person to propose a 
geometric test of space was, 
it seems, Nikolai Lobachevsky 
(1792-1856), who suggested 
calculating the sum of the angles 
of a stellar triangle. The proposed 
triangle had a vertex at Sirius, the 
brightest star in the night sky, and 
the other two vertices were the 
positions of the Earth separated 
by an interval of six months. In 
doing so, Lobachevsky sought 
to calculate the geometry of the 
Euclidean space, assuming that 
it had hyperbolic geometry (in 
modern terms, to calculate the 
constant of curvature). Starting 
from the maximum parallax of 
Sirius, which is 1.24 seconds 


of arc, it was deduced that the 


(supposedly negative) curvature 
must have been less (in absolute 
terms) than 1/166,000 AU (AU stands for ‘astronomical unit’ and is equal to the average 
distance between the Earth and the Sun). Therefore, if it was not null, it was very small, so the 
analysis did not make any conclusions in this regard. 

Lobachevsky presented his first article on ‘the new geometry’ in Kazan in 1826. His 
approximation of the curvature appeared in subsequent publications based on parallaxes of 
stars until 1855, shortly before his death. 

Previously, Gauss had carried out a similar measurement calculating the angles of a triangle 
formed by the peaks of the Hohenhagen, Inselberg and Brocken mountains in Germany. 
However, it is very possible that Gauss was not analysing the geometry of the Universe, but 


calculating the curvature of the Earth. 
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new ingredient in the theory of relativity lies in considering space and time 
simultaneously as a variety. Thus, a variety of dimension 4 appears, with coordinates 
x, y, 2, t, where x, y, = are spatial coordinates and t denotes time. This variety is 
known by the name space-time. Thus, all the physical equations are formulated in the 
space-time variety. However, we are still interested in answering the question of the 
shape of the Universe, this time referring to the ‘spatial’ part of space-time — that 
is, the part with coordinates x, y, 2. This variety is of dimension 3. 


Space-time, where we have drawn a two-dimensional space; 
time is marked on the vertical axis. We can see Squarina 
moving to the right. 


Before continuing, let’s take a look at various hypothesis that may be of use: 


— The Universe has no boundaries. Let’s assume the Universe is a boundaryless 
3-variety; in other words, that at any point in space we would see a broad 
zone with three directions and with no limits, no frontier that marks the ‘end’ 
of the Universe. In other words, the Universe is unlimited. 

—The Universe is orientable. In principle there does not seem to be any 
reason to think that the Universe must be orientable: right and left are 
human conventions. However, in nature orientation is a more profound 
phenomenon — it occurs on the level of subatomic particles. If, as we might 
expect, the laws of physics are the same in all parts of the Universe, then 
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there could be no way to travel through the entire cosmos and return with 
our orientation switched, as in that case the particles inside us would have 
changed as well. This is a very strong argument in favour of the orientability 
of the Universe. 

— The Universe is isotropic. The Universe is greatly suspected to be homogeneous 
(it looks the same at different points) and isotropic (it looks the same in 
different directions). It is firmly believed that the laws of physics that determine 
the geometry of the Universe are the same everywhere (at least all data 
corroborates this idea, as well as being a philosophically attractive idea). Later 
we will see that the geometry of the Universe is determined by the quantity 
of matter. And the quantity of matter is distributed homogeneously, at least in 
the visible part of the Universe. It is true that the matter is concentrated into 
stars that form galaxies, and that there are huge gaps (areas of space with no 
matter) between galaxies. Also, the galaxies are grouped together into what 
are called clusters of galaxies. But, on a greater scale, the clusters of galaxies are 
distributed in quite a uniform shape in all directions. This means we can say 
that the Universe is ‘approximately isotropic’, where the lack of homogeneity 


and isotropy (the anisotropies) are produced on a ‘small’ scale. 


The Universe on a large scale. The clusters of Galaxies are 
distributed in filaments. In fact, the behaviour of the Universe 
on this scale is more similar to that of a fluid. 
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— Compactness.This is the most debatable point. Does the Universe have a finite 


volume? There is no data supporting either answer to this question. The reason 
for thinking that it may is philosophical: if matter is distributed uniformly 
and Einstein’s equations state that the quantity of matter and energy in the 
Universe is constant, then the total quantity should be finite. The problem is 
that it is not true that there is a contradiction between the idea of the quantity 
of matter being constant and it being infinite. The apparent issue is simply a 


matter of the interpretation of infinity. 


CPT SYMMETRY 


CPT symmetries of the laws of physics refer to the invariance of the laws of physics under 
transformations that involve the inversion of electrical charge (positive to negative), parity 
(orientation of space) and the direction of time (time flows from the past to the future). If we 
change the sign of charge (C), we substitute every particle for its corresponding antiparticle. 
The inversion of parity (P) is the change in the orientation of space. Time (T) inversion changes 
the direction in which time flows (‘from the past to the future’ becomes ‘from the future to 
the past’). In the 1950s physical phenomena (specifically, weak beta decay) were discovered, 
in which the symmetry of P was violated. There are also violations of the C and T symmetries, 
with which the Universe distinguishes between the signs of charge, distinguishes orientation 
and distinguishes the flow of time. 

Today, it is believed that there could be a combined CPT symmetry of the laws of physics, that 
is, if C, P and T were simultaneously switched, the laws of physics would remain the same. 


Cosmology 


Cosmology is the science that studies the origin, evolution and destination of the 


Universe, as well as of the galaxies, stars and the planetary systems. Therefore, the 
question of the shape of the Universe is covered by cosmology and topology. There 


are two types of questions related to the shape of the Universe. 


—The local shape, that is, the geometry of the visible Universe. We consider the 
nearby Universe to be that which is accessible by our telescopes and radio- 


telescopes. 
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— The global shape, that is, the topology, which attempts to describe the entire 
Universe. 


Astronomical observations indicate that the Universe is approximately 13.5 to 14 
billion years old, and is at least 93 billion light-years across. Distances in the Universe 
are astronomical and, therefore, they cannot be measured in habitual units, such as 
kilometres. They are normally measured in light-years, which is the distance light 
travels in one year. The speed of light is 299,892 km/s (in a vacuum), so a light- 
year is about 9,467,280,000,000 km. For example, the shape of the Milky Way is a 
barred-spiral and it has a diameter of about 100,000 light-years and a thickness of 
about 1,000 light-years. 

Another very common measurement is the parsec. A parsec is the distance at 
which we would have to be to observe the distance between the Earth and the Sun 
with an angle of one arcsecond, (0° 00! 01". This distance is equal to 3.26 light-years. 
The parsec is abbreviated with the letters pe. There is also the megaparsec, Mpc, 
which is one million parsecs, for even greater distances. 


Earth 


Sun 


1 pe 


A diagrammatic definition of a parsec. 


According to the theory of relativity, the speed of light cannot be exceeded by 
any particle. In fact, only electromagnetic waves (photons) can reach that velocity. 
Particles with mass must necessarily travel at a lower velocity. The speed of light is 
represented by the letter c. 
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E=MC? AND THE ATOMIC BOMB 


One of the consequences of the theory of relativity is the equivalence of mass and energy, 
expressed in the famous equation E=mc?, which indicates that a mass m at rest has a quantity 
of energy E given by that formula. As c is the speed of light (clearly a very large number), we 
get that 1 kg of mass is equivalent to nearly 25,000 kWh of energy. Therefore, in theory we 
can transform mass into energy in that proportion, This clearly occurs in radioactive decay and 
in a nuclear explosion. 

Atomic bombs are a ‘practical’ consequence of the theory of relativity. This is why, as well as the 
support he provided during World War Ii to the Manhattan Project, the goal of which was to 
develop nuclear weapons, Albert Einstein 
is considered ‘the father of the atomic 
bomb’, or at least one of them. However, 
Einstein was a staunch pacifist and only 
helped because he feared that the Nazis 
were developing similar technology and 


that they may use it during the war. 

After seeing the devastating consequences 
of this weapon at Hiroshima and Nagasaki, 
Einstein, along with the philosopher and 
mathematician Bertrand Russell, called for 
scientists to come together in favour of 


nuclear disarmament. 


The geometry of the Universe 


The theory of relativity’s interpretation of the concept of gravity is not as a force, 
in the sense in which Newton understood it, but a geometrical characteristic of 
space-time, alternatively described as curvature. The equations that describe the 
relationship between gravity and curvature are Einstein’s famous field equations. In 
layman’s terms, they express the fact that a mass in space (that is, a source of gravi- 


tational field) produces a deformation in it which ‘curves’ it. 
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Gravity is the effect of the curvature of space-time produced by a body with mass. 


Gravity changes the geometry by producing curvature and, therefore, alters the 
‘straight’ lines. Again, straight lines have to be interpreted as geodesic lines, the paths 
followed by bodies when they move freely (without being subjected to independent 
forces, as a rocket may be propelled by its engine). Thus, the planets, when they orbit 
around the Sun in elliptical orbits, are actually following geodesic lines. Light also 
moves along geodesic lines. You may wonder why the planets and light do not follow 
the same paths. It is because geodesic lines have to be drawn in space-time. In other 
words they depend both on the place and the time and, therefore, the path of the 


geodesic depends on the speed at which the object moves. 


Earth 


The light emitted by a star curves as it passes an object with great mass 
(following the geodesic line). Therefore, the ‘apparent’ position of the star is 
offset from its actual position. 
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The Einstein field equation has a very interesting aspect: 
Ric—K,-m+ Am= (8nG/c*) T. 


Each letter has its own meaning: m is the metric (the geometry of space-time); K, 
is the scalar curvature Ke (K,+K,+K,)/3; Ricis the Ricci tensor, which associates 
the number (K, + K,)/2, (K, + K,)/2, (K, + K,)/2 to each vector e,,¢,,¢,, respectively 
(see the diagram on page 134); c is the speed of light; G is the universal gravitational 
constant, with the value G=6.693- 10-"' m*/kg/s?, and Tis the stress-energy tensor, 
which codifies the masses existing in space and the effect they produce. Finally, A 
is a constant — the cosmological constant — which appears for no physical reason. 

In a vacuum, T=0. Also, if we remove the cosmological constant, the remaining 


equation is: 
Ric—K,-m=0. 
~ 


In principle K, depends on point p, but it can be deduced that the curvature is 
constant (the isotropy is deduced from the equation, instead of assuming it!). If we 
add the mass in the Universe and assume it to be homogeneously distributed, then 
T does not depend on the point, and again the curvature is constant. Therefore, 
the only relevant data for resolving the Einstein field equation is the density of the 
matter, which is represented by the letter p. 


Redshift and the Big Bang 


Einstein applied the field equation to the whole Universe in the year 1917. First 
he assumed that A did not appear (as it has no physical significance). But he found 
something paradoxical — the volume of the Universe changed with time. The chang- 
ing Universe was a concept that was unacceptable, and Einstein reintroduced the 
constant A, adjusting it so that the Universe remained static. He called constant A 
the cosmological constant. 

In 1922, Russian mathematician and meteorologist Alexander Friedmann (1888— 
1925) proposed the model of the Universe in expansion, although at first little 
attention was paid to it. In an expanding Universe, galaxies should be moving away 
from one another. 
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The expanding Universe; the galaxies move away from one another at a velocity 
proportional to the distance between them. The effect is similar to having a collection of 
points on the surface of a balloon that is continuously being inflated. 


Friedmann’s idea was soon corroborated by experimental data. Lemaitre, in 
1927, and Hubble, in 1929, independently deduced that the galaxies are moving 
away from us, and that the velocity with which they do it is greater the further away 
they are. The velocity of expansion is known by the name Hubble constant, and is 


SIGNIFICANT EVENTS IN THE HISTORY OF THE UNIVERSE 


The age of the Universe is about 13.7 billion years. After the Big Bang, there was only radiation 
with a huge amount of energy. After the first 100 seconds particles began to form (electrons, 
nucleons, etc.). After 400,000 years, atoms were formed, and the first stars appeared, through 


Big Bang 
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represented with the letter H. A 2011 estimate by the HST (Hubble Space Tele- 
scope) gives a value of H=74 km/s/Mpce. In other words, a galaxy situated at 
1 megaparsec moves away from us at a speed of 74 km/s; if it is located 2 Mpc it 
will move away at 148 km/s, and so on. This means that the Universe grows by 
7.55% every billion years. 

The deduction of this phenomenon and the calculation of the rate of expansion 
are given by what is known as redshift in the spectrum of light which we receive 
from distant galaxies. This is due to the fact that when a body moves away from us, 
the wavelength of the light it emits is stretched, and this means that the light reaches 
us ‘shifted towards red’. The wavelength of the light emitted can be deduced, as we 
know the spectra of all the chemical elements from which any galaxy is formed. 
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the clumping of matter, after 1 billion years. The Earth was formed shortly after our Sun, 4.5 bil- 
lion years ago. Remember that humans (Homo sapiens) have been on the face of the Earth for 
just 200,000 years. 


Cells 
with nucleii 
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Dinosaurs 
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When an object moves away from us, the light that it emits arrives with a 
longer wavelength. In other words, its light reaches us shifted towards the red part 
of the spectrum. Lemaitre noticed the following consequence: if the Universe is 
expanding continuously, then at some time in the past it must have been very 
small. In other words, all the mass and energy must have been concentrated in a 
microscopic Universe, with unimaginable density and temperature. That initial 
instant is known by the name of the Big Bang.A quick calculation, with the rule 
of 7.55 % every billion years, gives us a rough estimation of 100/7.55 = 13.2 billion 
years for the age of the Universe, close to the most rigorous estimate accepted 
today of 13.73 billion years. 

Einstein, having convinced himself that the Big Bang theory was correct, once 
again eliminated the cosmological constant from his equations, and called it “the 


biggest mistake of my life”. 


Spatial shapes 


The Einstein field equation, globally applied to the Universe, and assuming isotropy, 
implies that curvature is a constant K,.The resultant cosmological model is known 
as the Friedmann-Lemaitre-R obertson-Walker (FLRW for short). There are three 
possibilities, depending on whether K,>0, K,=0 or K,<0, which correspond with 
the three types of geometries of constant curvature. 

Neither Einstein nor the physicists of the period considered the possibility that 
the Universe may not be simply connected. They took it as read that it was, from 
which they deduced the following: 


— If K,>0, the Universe is a 3-sphere. 
— If K,=0, the Universe is Euclidean space. 
— If K,<0, the Universe is hyperbolic space. 


In the first case, space is compact; in the other two, it is not. The terminology 
caught on and, in fact, today the case of zero or negative curvature is still called 
the open Universe, although most compact 3-varieties with constant curvature are 
hyperbolic. 

These three 3-varieties were called spatial shapes, as they were considered the 
only three possibilities for the shape of space. 
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One of the mathematical reasons that upheld this possible confusion is in one 
of the definitions of isotropy, which we will call global isotropy. A space has global 
isotropy when we can make ‘global’ rotations at any point. Global rotation is not like 
the local rotations (rotations in a neighbourhood) which we used before. A global 
rotation allows the whole space to be ‘rotated’ around a central point. 3-varieties 


with global isotropy are the three spatial shapes and projective space. 


The future of the Universe 


The curvature K, depends on the density of matter p in the Universe. This is due 
to the fact that matter produces gravity, or curvature. There is a critical mass p,. for 


which we would have exactly K,=0; its value is: 
P..=3H?/(8nG) 


where G is the universal gravitational constant, and H is the Hubble constant. 


The FLRW cosmological model not only gives the curvature of space, but also the 
evolution of the Universe throughout time, as it is the solution to the model of space- 
time given by Einstein’s equations (assuming isotropy and without a cosmological 
constant). We have the following trichotomy: 


— If p > p,, then K,>0. In this case, the current expansion of the Universe 
would eventually slow down, due to the fact that the density of matter is so 
high that the force of gravity will end up outweighing the initial velocity of 
expansion caused by the Big Bang. At some point the Universe will begin to 
contract, and end up imploding, an event named the Big Crunch.The Universe 
will have an end. 

— Ifp <p, then K, <0. In this case, the current expansion of the Universe will 
continue forever. The velocity of expansion is increasingly lower, due to the 
action of gravity, but it will never stop. The Universe will continue to be forever. 
There are two hypothesis on this future of the Universe. The Big Rip predicts 
that after about 20 billion years, all matter will be torn apart and the particles 
will lose their gravitational cohesion, and the Big Freeze, which predicts that 
the temperature will drop so much that there will be no free energy to produce 
thermodynamic processes. 
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— Ifp =p, then K,=0.This situation is a limited case of the previous one. The 
expansion will continue forever, slowing down until it almost becomes stable, 
but without ever collapsing. The end will be similar to the case where K, <0. 
In principle, it is considered an unlikely situation, as the density would have 


to have a very specific value. 


Oy 


P>P, 


P<P, 


Space-time in the FLRW model, depending on whether P > P., P = P. or P < Px. 
Time moves vertically upwards. The initial point is the Big Bang. 
The current situation in the Universe is marked partway up. 


The Universe that ends with the Big Crunch is the closed universe, as it is closed 
in time. Open universe is the name given to the model that continues indefinitely 


into the future. 


End of the ri yi 

Geometry Universe Density Size 

Elliptic Big Crunch P >P- (dense) Compact 
(closed) 

Euclidean Rate of expansion May be compact or 
tends to zero non-compact 
(open) 

Hyperbolic Eternal expansion P <P, (not very May be compact or 
(open) dense) non-compact 
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The key to the FLRW model is the direct relationship between the end of the 


Universe and its curvature. 


The geometry of the Universe 


The study of the geometry of the Universe is the local study of the observable 
Universe. The main objective consists of discovering what type of geometry it has. 
As we assume that it is (approximately) isotropic, the curvature is constant. The key 
to verifying the constant K, is to find the density of matter p in the Universe. 
There are interesting geometric consequences. For example, if the Universe is 
hyperbolic, then we perceive objects to be closer to each other than they really are; 
that is, objects ‘appear’ to be more tightly packed than they actually are. Reciprocally, 
in an elliptical Universe we perceive objects to be further apart than they really are. 
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Rays of light from far-off stars in a hyperbolic universe (left) and in an elliptical universe 
(right). Actual position (top) and apparent position (bottom) of the stars. 


To calculate the density of the material in the Universe we have to find the 
possible sources of mass/gravity/curvature: 


— The easiest material to find is the stars, because they shine, and we can quantify 
the intensity of the light that reaches us. As we also know their distance from 
us (Hubble’s law tells us how to calculate the distance from the redshift of the 
light received), we can estimate the mass. 

— Itis more difficult to estimate dark mater, made up of rocky planets and bodies 
that do not shine, as well as interstellar dust. We know of the existence of large 
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planets due to the gravitational effects produced on nearby stars and also due 
to the loss of shine of some stars when voluminous planets are in front of 
them. We can detect large planets in this way, but not small ones. Interstellar 
dust can also produce (or reflect) light or be dark. 

— Black holes. These are formed by the collapse of massive stars and they contain 
a large quantity of mass at a very high density. The gravity is so great that 
light cannot escape from them, which means we cannot see them. Recently 
they have been detected (for example, there is a large black hole bang in the 
middle of our very own Milky Way) by means of the gravitational effects they 
produce on visible bodies, or due to the radiation emitted by certain bodies 
when they are engulfed by a black hole (as is the case with quasars). There 
could also be many small black holes we have yet to locate. 

— Non-baryonic matter, that is, particles with mass that do not form atoms. 
There are subatomic particles, such as, for example, neutrons, which have a 
very small mass and which are abundant in the Universe. It is difficult to detect 
them because they do not tend to interact with massive bodies, even though 
they collectively produce gravitational effects in the rotation of galaxies. 


BLACK HOLES 


One of the consequences of the Big Bang model is black holes. The Big Bang was a singularity 
of space-time, as it was a point at which space-time was not a variety. This singularity occurs 
because the density of the material was so high at that initial moment. The Big Bang occurred 
‘in the past’, but it is quite possible that, due to clumping, a high density of material may also 
arise at some point in space in the future, producing another singularity. The consequence 
is what we call a black hole. A black hole is a zone of space where gravity is so strong that 


nothing, not even light, can escape it. In geometric terms, the curvature is so high that the 
geodesics are trapped. 

The first person to propose the possibility of the existence of black holes was Pierre Laplace, 
a French mathematician from the 18th century, who suggested that a very massive and small 
object could have such high gravity that the escape velocity would be greater than the speed 
of light, meaning that light could not escape from it. However, the correct mathematical 
model using the theory of relativity was formulated by the German physicist and astronomer 
Karl Schwarzschild, 
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Depending on how much dark matter there is, the density of the Universe p 
may be greater than expected. In fact, it is believed that 90% of matter is dark matter. 
Until recently the estimates of dark matter were in the order of between 10% and 
30% of the value of p_., leading scientists to expect its geometry to be hyperbolic. 


WORMHOLES 


A wormhole is a hypothetical topological feature of space-time that allows travelling through 
space and through time. A wormhole has two ends, connected through a ‘throat’, through 
which matter can move from one end to the other. Wormholes are a theoretical possibility that 
is compatible with the equations of general relativity. They come in various types. Einstein- 
Rosen bridges are formed by the union of a black hole (which absorbs everything around it, 
matter and light) and a white hole at the other end (which expels all matter and light that 
passes through the link). The solution was published in 1935, but later, in 1962, John Wheeler 
and Robert Fuller demonstrated that this type of wormhole is unstable, and would disintegrate 
instantly as soon as it formed. 

There are other types of wormholes the existence of which are theoretically possible under 
certain restrictive hypotheses. However, the probability of actual existence is, for now, extremely 
low. If they existed, we could use them as an interspatial door (to travel to far-off parts of space, 
or even through time), although perhaps only in one direction — never to return. 


Entrance 
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Accelerated expansion 


In 1998, observations of very far-off supernovas led to the conclusion that the rate 
of expansion of the Universe is accelerating, contrary to that predicted by the FLRW 
model. This means that, as well as the expansion of the Universe caused by the Big 
Bang and gravity, which tries to slow the expansion, there is a third factor that makes 
the galaxies ‘repel’. To resolve this mystery, dark energy was proposed. It is a type of 
energy that would work as a ‘negative pressure’, pushing the galaxies away from 
one another. For the purposes of the Einstein field equations, dark energy behaves 
as if we had used a cosmological constant. There should have been a cosmological 
constant after all! 

Thanks to Einstein’s equation, E= mc?, mass and energy are exchangeable or, in 
other words, they are equivalent. Therefore, the energy found in the cosmos must 
count as mass. Therefore, dark energy contributes to increasing the density of the 
Universe (giving it greater curvature), while it impedes gravitational collapse (Big 
Crunch), by producing a repulsion between the galaxies. 

Note that there is visible energy (light, that is, electromagnetic waves) in the 
Universe, but there also seems to be dark (invisible) energy, whose nature is not 
understood. And what is even more surprising is that this dark energy must be 
abundant. It could constitute as much as 70% of the mass-energy total of the 
Universe, which makes it very probable that the geometry is Euclidean. The 
explanation of the nature of dark energy is considered by the magazine Science as 
the most important problem in science in the 21st century, 


Cosmological parameters 


In the current cosmological model we have the following constants that describe 


space-time, called ‘cosmological parameters’. 


— Hubble constant, H. Measures the rate of expansion of the Universe. In fact, 
it is not constant since it changes with time. 

— Parameter of density of matter, Q, = p/p... If Q,>1, the Universe will end 
with a Big Crunch, and if Qa. $1, then it will continue forever. 

— Curvature, K,. 

— Cosmological constant, A. 
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The Hubble constant is inferred from the other three parameters. The relation- 
ship between them is simple. 


Q + A-1=K, 


Therefore, in this situation the curvature of the Universe and its final destina- 


tion are not necessarily correlated. 


The topology of the Universe 


The global shape of the Universe depends on an extra piece of data: the fundamental 
group, in other words, wormholes with non-trivial loops. Einstein’s contemporar- 
ies did not take any notice of this data. One explanation is that the Universe was 
considered open with eternal expansion. Therefore, the open Universe in the FLRW 
model is the one in which K,<0 (hyperbolic) or K,=0 (Euclidean). But ‘open’ is 
applied to space-time to indicate that it is not compact. However, the spatial part 
could quite plausibly be compact. This confusion led to the idea that if the curvature 
was less than or equal to zero, then the Universe was not compact, that is, it was a 
hyperbolic (curvature less than zero) or Euclidean (curvature equal to zero) space. 

In the 1990s cosmologists began to show renewed interest in the question of the 
global shape of the Universe. If the geometry turns out to be hyperbolic, we have 
many possible 3-varieties with that geometry. In fact, this is a philosophical reason 
in favour of hyperbolic geometry. In most of the compact 3-varieties with isotropic 
geometry, K<0—so the Universe is more likely to be hyperbolic. 

To verify the topology of the Universe we would need to travel through it from 
point to point. By doing so we could create an ‘atlas’. Just as in Flatland, this is not 
a physical task. Even the best rockets would not get very far. The reason is not that 
our technology is insufficiently developed, but because of the Universe’s inherent 
physical boundary. According to the theory of relativity, the maximum limit for the 
velocity of any object is the speed of light. 

So we send photons as interstellar explorers instead. We must emit them in the 
form of a message that is sufficiently complex that we do not confuse the photons 
with those arriving randomly from space (if we tune our radiotelescope and receive a 
signal from a 1950s television programme, what would we think?... Surely the signal 
has been travelling round in space until coming back to us!). Also, we would send 
our signal in all directions, hoping to see from which of them it returns. 
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However, the Universe is very big, and we cannot wait such a long time for a 
message we have emitted to return. Furthermore, the Universe is growing, and it 
could be that the signal will never return! 

The next idea is to use light that is already circulating within the Universe. 
For example, we could look for the image of our galaxy. The problem is that the 
light we might receive from our galaxy would probably have been travelling for 
millions of years through the Universe, and the image would be from millions 
of years ago, so we would have no way of identifying it as that or own now very 
different corner of space. 

‘We can also look for images of repeated galaxies. For example, if the Universe was 
a 3-torus, we could receive the light from a galaxy from different places, as shown 
in the following diagram. 


In a 3-torus, the images on the right and on the left come from the same object. 


As the age of the Universe is 13.73 billion years (or thereabouts), the light cannot 
have been travelling for longer than that. Therefore, we can only see the objects that 
have emitted their light and are not very far away. Fortunately, and thanks to the 
continuous expansion of the Universe, this distance is considerably greater than 13.73 
billion light-years. In fact, we see a sphere with a radius of 46.5 billion light-years. 
The visible surface of the visible region is called LSS (Last Scattering Surface). This 
surface grows with time. 
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The diameter of the LSS is 93 billion light-years. Anything outside of it 
is not visible. It is a part of the Universe that is inaccessible to us 
(source: The shape of space, by J. Weeks). 


Therefore, ifthe Universe was infinite, or much larger than the LSS, there would 
be no way of discovering anything about its global topology, as we would only be 
able to see a small part of it. 

In fact, let’s assume the Universe is compact, and that there is a tessellation 
associated with its topology of one of the spaces: the 3-sphere, Euclidean space or 
hyperbolic space (depending on the value of the curvature). By drawing copies of 
the LSS sphere in each block of the tessellation, we get one of the two situations in 


the following diagram: 


In the image on the left, the size of the Universe is greater than the LSS sphere; 
on the right, it is smaller than the LSS sphere (source: The shape of Space, by J. Weeks). 
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If the size of the Universe is greater than the LSS sphere, then the copies of the 
LSS sphere do not intersect. Therefore, we will not see copies of the same object at 
two different points in space, and we will not be able to discover anything about the 
Universe by looking at the visible zone. On the other hand, if the size of the Universe 
is less than 93 billion light-years, then the LSS spheres intersect, and there are 
images in the Universe that can be seen repeatedly. Of course, as it is possible that 
the Universe, if it is smaller than that size, is still very big, then the repeated images 
would have to be looked for among images in older light. 


Cosmic background radiation 


The light that comes from the LSS is the oldest. After the Big Bang, all mass and 
energy was condensed in the form of plasma. 400,000 years after the Big Bang, the 
Universe had expanded sufficiently to create enough space for the formation of 
atoms. At that time, light was free to travel through space. This is the oldest light that 
we see. Originally, the temperature of this light was 3,000 K (3,000 Kelvin). As the 
Universe expanded, the wavelength of this light increased, cooling it, and today it is 
a chilly 2.7 K (2.7 degrees above absolute zero). This is the temperature of the Universe. 
The resulting wave is the CMB (Cosmic Microwave Background radiation), and it 
fills the whole of space. It was discovered in 1965 — accidentally — by astronomers A. 
Penzias and R. Wilson, as it produced a background ‘noise’ in astronomical observa- 
tions that could not be eliminated. 

Background radiation is directly related to mass (and, therefore, to curvature) 
due to the fact that the densest zones of the Universe have slowed the photons 
more and, therefore, they have also cooled them more. The background radiation is 
remarkably uniform, indicating that the curvature is more or less constant. Obvi- 
ously, it only tells us this of the observable Universe, but unless it is very small 
compared to the global Universe, it is logical to conclude that the curvature is in 
fact constant. 

But the CMB is not exactly uniform; it has small anisotropies due to the slight 
variations in curvature. Thus, instead of looking for repeated images of galaxies, we 
can look for repeated images in the CMB map. If we found some, this would tell us 
the type of tessellation given by the Universe and, therefore, which 3-variety it is. 

In 2003, observations of the CMB suggested that the Universe was shaped like 


the Poincaré variety. This news was widely covered in the media, although more 
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exhaustive observations of the CMB have not completely confirmed this theory. 
(In fact, for it to be true, the curvature would have to be positive.) 

NASA’s WMAP (Wilkinson Microwave Anisotropy Probe) project started in 
2001 and it collected data for seven years, followed by another three years of analysing 
this data. Its objective was to analyse the properties of the Universe using a high- 


resolution map of the CMB. 


Map of the cosmic microwave background (CMB) created by the WMAP project, in which 
anisotropies of the Universe are shown 400,000 years after the Big Bang. The various tones 
represent different temperatures and, therefore, densities of matter (source: NASA). 


The results were publicised in January 2010. The WMAP confirmed the Big 
Bang theory and dated the Universe with an error less than 1%. It concluded that 
the percentage of (non-baryonic) dark matter is 23.3% (1.3%) and dark energy is 
72.1% (1.5%), while the rest is made up of atoms (4.6%), including stars, planets 
and interstellar dust. 

Taking into account that the fluctuations of the anisotropies also provide 
indications of curvature, the WMAP concluded that the curvature of space is within 
1% of being Euclidean. 


However, matches have not been found in different zones of the CMB, which 
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indicates that very possibly the Universe is larger than the LSS — in other words, 
it is at least 93 billion light-years across. The inconvenient implication of such a 
discovery is that, if it is proven to be the case, we will never be unable to reveal the 
topology of the Universe. 
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We are in an expanding Universe, which is dominated by dark matter whose nature 
we do not know, most of which is even more mysterious dark energy, which we 
are aware of only because of its effect on the expansion of the Universe. Moreover, 
it seems that we live in a Universe without access to anything outside of a great 
ball (the LSS sphere) which, despite being 93 billion light-years across, is only a 
part of the Universe. 

During the last few centuries, and particularly the 20th century, the question of 
the origin of the Universe, its shape, evolution and possible end has led to incredible 
advances in the field of cosmology. But it has also driven the advance of geometry 
through the development of the general theory of relativity. The last invitee to this 
meeting was topology, the contribution of which has been sizeable. 

Unfortunately, for now at least, we do not have a definitive answer for the shape 
of the Universe. The path we have travelled in this book has led us to consider some 
of the most difficult problems in mathematics, but this does not seem to be the end 
of the road. Although the discovery that part of the Universe is inaccessible may 
indicate that there will never be a means of answering this question, we should not 
give up. We will certainly need new ideas, but it is possible that one day we will find 
the answer. And I bet mathematics will be there to help! 
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Distorting and 
Transforming Shapes 


Mathematical topology 


Topology concerns the study of shapes, and regards one shape 
as being equal to another if it can be recreated from the first 
without ‘breaking’ it. This is why topologists have been light- 
heartedly described as mathematicians who are unable to tell 

a doughnut from a coffee mug! More serioulsy, topology is an 
important branch of mathematics, despite the fact that to the 
uninitiated it does not look like mathematics at all: without 
formulae, equations and functions... without even numbers and 


letters! Few disciplines are more abstract and, at the same time, 


more stimulating. Welcome to the exciting world of topology! 


